CONTINUITY & DIFFERENTIABILITY
EXERCISE 1(A)

(d)
LH.L atx=3, limf(x)=Ilim(x+A) = Ling(3—h+k) =3+A (1)
X—3" X—3" —
RH.L.atx=3, limf(x)=lim(3x-5) = Lirrg{s(3+ h)-5} =4 ....(i1)
x—3* x—3* -
Value of function f(3)=4 .....(1i1)

For continuity at x = 3
Limit of function = value of function3+ 1=4 = A1=1.
()

If function is continuous at x = 0, then by the definition of continuity f(0)= Iingf(x)

Since f(0) = k. Hence, f(0)=k = Iirr(}(x) (sin Ej
X—> X

= k = 0 (a finite quantity lies between —1 to 1)
=k=0.
(©)

Since f(x) is continuous at x = 1,
= limf(x)=Ilimf(x)=f() (i)
X—1" x—1"

Now limf(x) =limf(1-h) = lim2(1-h)+1=3 ie., limf(x)=3
Xx—1" — — x—1"

Similarly, limf(x) =limf(1+h) =lim5(@+h) -2 ie., limf(x)=3
x—1" — - x—1"

So according to equation (i), we have k = 3.

(d)

We have Iingf(x) = Iirr(}sinl = An oscillating number which oscillates between —1 and 1.
X—> X—> X

Hence, Iingf(x) does not exist.

Consequently f(x) cannot be continuous at x = 0 for any value of k.
(©)
LHL = limf(x) =lim m(l-h)>=m

x—1" —

RHL = lim f(x) =lim2(1+h) =2 and f(1)=m
x—1* -

Function is continuous at x =1, .. LHL = RHL =1(1)
Therefore m = 2.

(@)
lim(cos X =k = Iirrgilog(cosx) =logk
X— x—=0 X

= Iimilim logcosx =logk

Xx—0 X x>0

—limEx0=log, k=k=1.
x—0 X



10.

11.

(b)
T

Since f is continuous at x :Z ;
- Tip=tig —=b=a?
4 4

. . T
Also as f is continuous at X = E :

f(fj —limf [th —limf (f
2 h—0 2 h—0 2

= 2b+a=b = a=-b.

D

Hence (-1, 1) & (0, 0) satisfy the above relations.

(©)

. . Y LT _
XILTf(X):L'LQf(l_h) = Lm[2+smi(l—h)} =3

= f

h—0

Similarly, limf(x) =limf(L+h) = lima(l+h)+b =a+b
x—1" - —

-+ f(x) is continuous at x =1 s0 limf(x) = limf(x) =f(1)
x—1" x—1*

= a+b=3

Again, lim  (x) = limf (2—h)=lima(2—h)+b=2a+b

) . - n _
and X||_>r£1+f(x)_Ihl_r)‘r(}f(2+h) = letan§(2+h) =1

f(x) is continuous in (—o,6) , so it is continuous at x =2 also, so

lim £ (x) = lim f () =f(2)

= 2a+b=1
Solving (i) and (ii)a=-2,b=5.

(a)
s

lim (x) =g, lim f(x) =~

X—= X—>
2

Since lim f(x) = lim f(x) ,

T
X—>— X—>—
2

. . . . T
. Function is discontinuous at X = E

(b)
)
lim £(x) = lim | 237 3X |36 and
x—0" x—0" (3X)
limf(x) =M ———-= I|m+(x/9+& +3) =6
x—0 x—0 9_'_&_3 x—0
Hence a =6.

(©

(

—+
4

)

=f

h—0

[

E_hj
4

oo (i)



The function f(x)= 1

5 is discontinuous at 2 points.
X°+X—-6

1

The function f(x)= - =
(x) x> +x—7

& g(x)=——=9(f(x))

X2 +x-6 x—1

g(f(x)) is discontinuous at 4 points.

Hence, the composite f (g(x)) is discontinuous at three points x :2,1 &

(b)

" Inbina+x)-Inaln(b—x) _ lim Inb(In(a+x)—Ina)—Ina(Inaln(b—x)—Inb)

N | w

x—0 X Xx—0 X
In(a+x)—Ina In(b—x)—=Inb
_nplim{M@x)—Ina) o (In—x) ~Inb)
X—0 X Xx—0 X
In 1+5 In 1+§
Inb,. a Ina,. b
= lim + lim
a x-0 5 b x>0 5
a b

_Inb_Ina_In(b"%")
a b ab
(b)

2_ —
ﬂa=1ﬂrym@£_iﬁ§_mgxsx_1

=i =
x? -4 x> (X+2) 4

(©)

Clearly from curve drawn of the given function f(x), it is discontinuous at x =o.

(0']/4) A1 y=x,x> 0

(b)
1 |tanx )®™, —Tox<o
(@+] ) 5
f(x)= b : x=0
tan6x P
etan3x , O<X<—
6

For f(x) to be continuous at x = 0
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17.
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19.

= lim f(x) = £(0) = lim f (x)

a

a ]
3|tan x| al3

. 3 lim [(l+|tan x|-1)
= lim(1+ | tan x )3 = g
X—0

tan6x (tanGx x]/[tan?,x 3Xj
Now, lime®3 = |[ime' > ) —g?

x—0" x—0"
. e =p=e?>= a=6and b=¢€2.
(d)
X
Let f(x)=In=
(x)=In>

Iimxf(x):limxlnE:O

X—4 X—4

(@)
Note that [x+2]=0 if 0<x+2<1

ie. [x+2]=0if -2<x<-1.
Thus domain of fis R—[-2,-1)

We have sin
[[x+2]

R —1, where | denotes the set of integers.

Thus the points where f can possibly be discontinuous are

-1<x<0,[x+1]=0 and sin[ j is defined.

[x+2]
Therefore f(x) =0 for -1<x <0.
Also f(x) is not defined on —2<x < —1.

Hence set of points of discontinuities of f(x) is | —{-1}.

(b)
f(x):lim(wJ:f(O) ,(%formj

x>0 2X +tan™ X

o L
1-x*) 2-1 1

j is continuous at all points of R—[-2,—1) and [x] is continuous on

, —3,-2,-1,01,2,......... .But for

Applying L-Hospital’s rule, f(0) = Iirrg =

(2 1 ] 2+1 3
+ 2
1+X

(d)

For continuity at all x e R, we must have

f(—gj: lim (4sinx) = lim (asinx—b)

X—(-7n/2)” X—>(-n/2)*

= 4=-a-b

()
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21.

22.

23.

24,

25.

26.

and f(

2

Ej: lim (asinx—b)=a—-b = lim (cosx)=0

X—(n/2)” X—(n/2)*

= 0=a-b
From (i) and (ii), a=-2 and b=-2.

(@)

f(5) =limf(x) =lim

(©)

....(i)

x? —10x +25 _lim (x-5)° _5-5_,
-5 X2 —7x+10 =5 (x-2)(x-5) 5-2

For continuity at 0, we must have f(0) = Iingf(x)

1 X Cot X 1 Lo[taﬁ)
=Iing(x+1)COtX =Iirrg{(1+x)X} :Iing{(1+x)X} =e.

(a)
Conceptual question
(©)
f(x) is continuous at x =g , then Iirr}3f(x) =f(0) or
1—sin3—x 0
A= lim —2 ,| = form
X—n/3 TC—3X O
3 3
——C0S—
Applying L-Hospital’s rule, A= Iirr)sz—?’2 =0

(d)

If f(x) is continuous at x = 0 then,

£(0)=limf(x) =

lim—
x=0 8N 2X

2-x+4 1(0 j

— form
0

(_2J>iﬂ] 1

Using L—Hospital’s rule, f(0) =lim~—————~==

(d)

x>0 2008 2X 8’

X*+2=3x=>x=12
F(x) will be continuous only at x =1 & 2.

(b)

f(x) =

{xz +e2x

1

] and f(2) =k

If f(X) is continuous from right at x = 2 then lim f(x) =f(2) =k
x—2"

= lim

x—2"

|

1
X? + 2

h 1
} =k = k=Lingf(2+h) = k:Ling{(2+h)2+eZ(2+h):l

-1
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28.

29.

30.

31.

= k:!1irrg[4+h2+4h+e‘l’h ]_1 =k=[4+0+0+e"]" = k:% .

(©)

X . X X X . X
2c0s? = —2sin=cos = COS — —Sin —

limf (x) = lim 2 22 _|im

X—>>T

-.Atx:meO:—Mngz—l.

X 2 X . X X X X . X
2C0S° —+2SIn —C0S — COS — +Sin —
2 2 2 2 2

(©)
ImHLl:|m1¢M+kx—J4—kx=|"n2kxx 1 _k
x>0 X x-0" X JA+kx +44—kx 2
2
RH.L = lim 2 ¥ jim X (2x43)=3

x=0"  Sin X x—0" Sin X

Since it is continuous, hence LH.L=R.H.L = k=6.

(©)

| x| is continuous at x =0 and X s discontinuous at x =0
X

. f(x) = x| + X s discontinuous at x =o.
X

(b)

x—0" |tanX| x=>0"  tan X
||mM:_||mM:o
x>0~ | tan x| x-0"  tan X

So f(x) is continuous at x = 0.

x(eX —1)
Now LHD. < lim _@nxl . X  e-1_
Xx—0" X—-0 x-0" fan X X
x(eX —1)
RHD.= limanxl o x &1 4
x—0" X-0 x—0" tan X X
LH.D. % R.HD.

F(x) is continuous but not differentiable at x = 0

(@)
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33.

34.

35.

X , x>0
X 1+Xx
We have, f(x) = = 0, x=0;
1+ X|
X , X<0
1-x
~h
L,H,D,:nmw —limith__ -4
h—0 —h h>0  —h
lim-—""—o
RHD.=lim 1O _ ot~ - i Ly
h—0 h h h—»014+h

So, f(x) is differentiable at x = 0; Also f(x) is differentiable at all other points.
Hence, f(x) is everywhere differentiable.

(b)
-(x-1)-(x-3) , x<1 -2X+4 , x<l1
Let f(X) g x—-1|+|x-3|=<{(Xx-D)-(x-3) , 1<x<3= 2 , 1<x<3
x-D)+(x-3) , x=3 2Xx—-4 |, x>3

Since, f(x) =2 for 1<x<3. Therefore f'(x)=0 forall xe(1,3) .
Hence, f'(x)=0 at x=2.

(a)
- 2 - 2

We have, limf(x) = lim 222X = |im[‘°"”2x jx ~1x0=0=f(0)

x—0 x—0 X x—0 X
So, f(x) is continuous at x =0,
f(x) isalso derivable at Y

_ H 2
x =0, because Iinng Iingm =1
X X A -floghd
exists finitely. ”
(-1,0) (1,0)

(b)
It is evident from the graph of f(x) = |log|x|| than M

X

f(x) is everywhere continuous but not differentiable
at x =+1.

(a)

f(x) =[x]sin(rtx)

If xis just less than k, [X] =k — 1. .. f(X)=(k—21)sin(nx), when x<k V kel
Now L.H.D.at x=k ,

lim (k=1)sin(mx)—ksin(rk) - lim (k=1)sin(nx)
x—k X —k x—k (X—k)

[as sin(tk)=0 ke ]




i (K=Dsin(e(k —h))

[Let x = (k—h) ]

h—0 —h
k-1 i
- Iim (k-D)(-D* " sinhx
h—0 —h
wa Sinhm

= lim(k-D)(-D x (=)

(k-D(-D*r = (-D)*(k-D= .

36. ()
-2x+1, x<0
We have, f(x) = x|+|x-1]= 1,0<x<1
2x-1, x>1

Since, limf(x) = lim1=1 limf(x) = lim(2x-1) =1 and f(1) = 2x1-1=1
X—1" x—1" x—1"

X—>1"

o limf(x) =limf(x) =f(1) . So, f(x) is continuous at x = 1.
x—1" x—1*
Now, lim Fe9-1@) =lim fa=h)-f@ = Iiml_1 =0 and
x—1" X-=1 h—0 —-h h—0 —h
y:ZX—I
lim f(x)-f(@) _lim f(l+h)-f(Q) — lim 2(l+h)-1-1 L, N r
X1 X —1 h—0 h h—0 ' N
- (LHD at x = 1) # (RHD atx = 1). i X
So, f(x) is not differentiable at x = 1.
Alternately
By graph, it is clear that the function is not differentiable at x = 0, 1 as there it has sharp edges.
37. (¢

2X , when x>1
Here f(X)=|x-1|+|x+1] = f(x)={ 2 , when -1<x<1
-2X , when x<-1
Alternate

The graph of the function is shown alongside, Y
From the graph it is clear that the function is continuous at all real

X, also differentiable at all real x except at x = +1; Since sharp \ 2 /
edgesat x=-1 and x=1. | |
At x =1we see that the slope from the right i.e., R.H.D. = 2,

while slope from the lefti.e., L.H.D.= 0 e
Similarly, at x =-1 itis clear that R.H.D. = 0 while L.H.D. =-2 y

-2 , x<-1
Here, f'(xX)=4 0 , —-1<x<1 (Noequalityon-1and +1)

2, x>1
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40.

Now, at x =1, f'(1") =2 while f'(1’)=0 and
at x=-1 f'(-1")=0 while f'(-1)=-2
Thus, f(x) is not differentiable at x =+1.

(d)

lim f(x)= lim (ax®+bx+2)=a—b+2 and

x——1" x—>-171

lim f(x)= lim (bx* +ax+4)=b-a+4

x—-1" x—-1"

For continuity a—b+2=b-a+4=a-b=1..(i)

2ax+b  , x<-1

Now f '(X) ={ —RH.D.=-2a+b & LH.D.=-2b+a

2bx+a , x>-1
For differentiability —2a+b=-2b+a=a="h..(ii)

From (i) & (ii) no value of (a, b) is possible.

(b)

h(x) = lfO +e00P > '(x _ a(F00)+(@00) +x (3(f (x))2 f (x) +3(g (X))z q (x) +l)

Now h(5)=e® = h(x)=e""
Hence h(10) =e"

(c)
[2+h]=2[2-h]=1[Ll+h]=1[1—-h]=0

At x = 2, we will check RHL = LHL =T (2)
RHLzlhiLrg|4+2h—3|[2+h]=2,f(2):1.2:2
LHL=Ligg|4—2h—3|[2—h]=1,R¢ L, .. not continuous
At x=1L,RHL =Ilim|2+2h-3|[1+h]=1.1=1,
f(1)=|-1|[1]=1

LHLzLiLrgsing(l—h):l

continuous at x = 1
|2+2h-3|[1+h]-1 _"m|—1|.1—1 1-1

R.H.D.=lim =lim——=0
h—0 h h—0 h h—-0 h
L.H.D. _jim2z2n=sli-h—t 101 1
h—0 -h h—»0 —h h—0 h

Since R.H.D. = L.H.D. . not differentiable. at x = 1.
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43.

(b)
Clearly, f(x) is differentiable for all non-zero values of x,

For x =0 , we have f'(x)= X =
Vl-e™*
Now, (L.H.D. at x = 0)
_ Iimf(x)—f(O)="mf(0—h)—f(0)
Xx—0" X_O h—0 —
L —e™ 1-e™
=lim =lim-
h—0 —h h—0
h2
=—tim & L — 1
h—0 eh
— — _hz —
and, (RHD at x = 0) = lim (X =@ _;, vi-e” —0
x—0" X—=0 h—0 h

= lim ehz—_lx ! =1
h—0 h2 ,ehz T

So, f(x) is not differentiable at x =0 ,
Hence, the points of differentiability of f(x) are (—o0,0)w (0, 0)
(a)
e —Z<x<0
We have, f(x) =
e 0<x <X
2

Clearly, f(x) is continuous and differentiable for all non-zero x.
Now, limf(x) = IirrgeS‘”X =1and limf(x)= Iirr(}e’sinX =1
X—0" X—> x—0* X—>
Also, f(0)=¢e’=1
So, f(x) is continuous for all x.

(LHD atx =0) = [i(e")j =("),,=¢e"=1
dx

x=0
(RHD at x=0) = (i (e‘X)J =(-e7),,,="1
dx 0
So, f(x) is not differentiable at x = 0.
(b)
We have, f(x) =1/ —\/1—7 . The domain of definition of f(x) is[-1, 1].
X

1
X
J1-V1—x?  \1-%?

For x=0,x#1, x=-1 wehave f'(x)=

Since f(x) is not defined on the right side of x =1 and on the left side of x=-1.

Also, f'(x) >0 when x ->-1" or x >1 .
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45.

46.

47.

So, we check the differentiability at x = 0.

Now, (LHD at x =0 ) = lim )= _;,, 10=h)-T(0)
x—0 X—=0 h—0 —h
2 L > ;

_ Ling\/l—«/l;h —OZ_Lirng { (1/2)hh+(3/8)h +..}

1

L
=1
N |-

|
ool w

=

+

-II

|
Sl

Similarly, (RHD atx =0) = %

Hence, f(x) is not differentiable at x = 0.

(d) Since f(x) is differentiable at x =c, therefore it is continuous at x =c .

Hence, )!gr; f(x)= f(c) .
(©)
(X* =3x+2) =(x-1)(x—2) >0When x<1 0Or >2,
And (x> =3x+2)=(x-1)(x-2) <0 when 1<x<2
Also cos| X |=cosx

f(X) =—(X* —4)(x* —=3x+2)+cosx, 1<x<2
and f(x) = (x> —4)(x* —=3x +2) +cosx, x<lor x>2
Evidently f(x) is not differentiable at x = 1.

(b)

f(0)=0 and f(x) = xze_['%'%]

2

. . h
- 2 ,-2/h _ _
RH.L. = ngg(0+h) e _Lm_eﬂh 0
_(1_1]
LH.L. = LirTg(O—h)ze nh=0

.. T(x) is continuous at x = 0.

2,-2/h
f(0+hg_f(o): ng h eh =he—Z/h -0

RH.D. at (x=0)= ng

fO-M-fO) _ . hze_(%_%]

LH.D. at (x=0)=lim =lim(-h)=0
h—0 —h h—0 —h h—0

F(x) is differentiable at x =0

(d)

: s - o1 .51

Imgf(x):x sin (—j:o as 0<sin (—jsl and x—>0

X—> X X

Therefore f(x) iscontinuous at x=0 .

Also, the function f(x) = x*sin’ 1 is differentiable because
X

h®sin? * 0 1 hgsin(hj
RHD = lim——N  —limh2sin?= =0, LHD = lim———1"/ _9.

h—0 h h—0 h h—0 —h



48.
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50.

(b)
(d)
(©)

lim1+(2-h) =3, lim5-(2+h) =3, (2)=3
—0"

h—0"

Hence, f is continuous at x =2

Now RHD = lim2=(+h)=3 _

h—0

LHD = lim 12 2=N =3 _

h—0 -h

-1

1

.. T(x) is not differentiable at x =2 .

(©)

g(x) =|f(x[)] =0. So gx) cannot be onto.

If f(x) isone-oneand f(x,)=—f(x,) then g(x,)=9(x,) .

So, € f(x) IS one-one’ does not ensure that g(x) iS one-one.

If f(x) is continuous for x e R, |f(| x|)| is also continuous for x eR .

So the answer (c) is correct.

The fourth answer (d) is not correct as f(x) being differentiable does not ensure [f(x)| being
differentiable.

(b)

Given f(4)=6,f'(4) =1

: IimM —lim xf (4) — 4f (4) + 4f (4) — 4F (X)

© x4 X—4 x—4 X—-4
i AT L F00-F(4)
X—>4 X—4 X—2 X—4
= f(4)-2f'(4)=4
(©)

f(x+2y)=2f (x)f(y)=2f"(x+2y)=2f (x)f'(y) {partially differentiating w.r.to y}
Forx=5&y=0, f'(5)=f(5)f'(0)=f'(5)=6

(©)

By L’hospital’s rule

o PR -FRg @) 9099'(X) @) -FF (x)g*(2)
X—2 X2_4 X—2 X
_ (—1)><4><9—3><(—2)><1 _ 15

2
(b)
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58.

Given 5f(2x) +3f (3) =2X+2
X

Replacing x by = in (i), 5f( J+3f 2xX)=—+2 ...... (i)

On solving equation (i) and (ii), we get, 8f(2x) =5x —§+2,
X

6

=8f(x)= +2

X
6
XZ

NIU‘I |\>|§{‘

. 8F'(x) =

y=xf(X) = — d =f(x)+xf'(x)

ey
/

atx=1 Y _1(5 4, 2) ( +6j
dx 82
(d)
-1 x>1
f(x ' and f'(x
0= {1 x>, x<1 ®)

/(1) =3, f'1) =3
(b)

=f(x) =%sin 4xc0s3x +(x+3)log, 2

= f(x) :%[sin 7X+sinX]+x+3
Differentiate w.r.t. X,
f'(x) = %[7 cos7X+cosx]+1,

=f'(n)=—2+1=-1.

:{_

f(X) =sin 2x.cos 2x.cos3x + log, 2 |

(b) In neighborhood of x :?an’ | cos® x

.y =—00s% X +sin®x

d ] .

. d—y =3c0s’ Xsin X +3sin? x cos X
X

sm dy =3c0s* =— 3

At X = , —
dx

T . 31
sm—+3sm
4 4

!
8

X , x>1
3x* , x<1

=—cos®x and |sin®x |=sin®x

,3n 3w

—cos— =0.
4 4
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60.

61.

62.

63.

(b)

f(x) = log, (log x) = log(log x)
log x
1—Elog(logx)
f'(x) = XX
= T ogny
1o
= fle)=2—==
(d)
—logx, if0 1
£(0 =l logx |- 0g X |_<x<
log X, ifx>1
—1, if0<x<1
= f'(x) = >1‘
=, ifx>1
X

Clearly f'(1)=-1 and f'(1") =1,

. T'(x) doesnotexistatx =1

(©)

o fl 3 o

[x—l
+log| —
X+

= y=X+[log(x-1)—log(x +1)]

R ﬂzl{i_i}zh
dx x-1 x+1

dy x*+1
dx x>-1’

(@)

X = exp{tan1 (uj} = logx =tan™ (u]
X X

y—X

= ——=tan(logx) = y=xtan(log x) +x
X

= dy = tan(log x) + x
dx

2
(x*-1)

2
sec”(log x) 1

= g_y = tan(log x) +sec’ (log x) +1
X
Atx =1, d—y =2.
dx

(@)
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65.

66.

67.

68.

itan*1 —COSX_S!nX :itan’l tan T x|l=-1.
dx cosx+sinx | dx 4

(b)

Let y =sin? (cot1 ,/ﬂJ
1+X

Put X =c0s0=0=cos™*x

— y=sin?| cot™ 170080 1 _qine cot‘l(tangJ
1+cos6 2

. 0 6_1 1
—y=sin?| Z-2|=cos?~ = Z(1+c0s6) ==(1+X
Y (2 2) 2 2( ) 2( )

dy 1

Tdx 2
@

Let c05a=% . Then sinazﬁ . S0, y =cos{cosa.cos X —sino..sin x}

-y =cos {cos(X+a)}=X+a (- X+a isin the first or the second quadrant)
d
d—i:l .
(©)
[ tan? 2x —tan? x Jcoth :( tan 2x —tan x j( tan 2x + tan x
1—tan’ 2x tan® X 1+ tan 2x tan x J{ 1—tan 2x tan X

j cot 3x

= Yy =tan X tan 3x cot 3X = tan X

d
b sec?x

dx

(a)
o XX —x X
f(x) =cot ( 5 ]

Put x* =tan6, .. y=f(x)=cot‘l£

tan?0-1
2tan0

= cot™(—cot26) = m—cot *(cot26)

=y =n-20 = n—2tan"(x*)



S A

X1+ log x
dx 1+x* ( 9%)
= f')=-1.
69. @)
L-X)A+X) A+ x)A+xHA+x?) 1-x*
y: =
1-x 1-x
_ 15 16
S e 0 S Gl e SV L A
dx 1-x) dx
70. (c)
2SiN X.COSX.CO0S2X.C0S4X Sin8x
f(x)= - =—
2sin X 8sin x
, 1 8c0s8x.sin X —cosx.sin8x
= (X)) ==. —
8 sin‘ x
f’(szo.
4
71. (a)

xe =y+2sinx = e +xe*¥ (1+y') = y'+2cos x

Now x = 0 gives y = 0, hence g—y=—1.
X

72. (a)
1
3xX -2y

sin(3x —2y) = log(3x — 2y) = (3— 23—yj cos(3x—2y)= (3— 23—y]
X X

o3

dx 2
73. (¢

X'y° =2(x+y)’ = 4x°y° +5x*y* dy =18(x +y)* (1+ d_y)
dx dx
9 9
= g 2XY) g2V WY gy [1+d—yj
X y dx dx

4 9 ( 9 5jdy
> = ——— |
X X+y \x+y yjdx

_ay_y
dx x
74. (b)
dy dy/do
dx  dx/do
_a[cos6—06(—sinB) —cosO] OsinO
- a[—sin®+0cos0+sin 0] ~ 0cos0

75 (d)

=tano .




76.

77.

78.

79.

. 1 .
Obviously x:cos‘lm and y:sm‘l\/ler
= x=tan't and y=tan"t
> y=X = d—y=1 .

dx
(©)
X:1—t2 dy- 2t

1+t° 1+1t2
Put t=tan® in both the equations to get
x:w:cosze and y:ZLn?:sinze :

1+tan“ 0 1+tan“ 0

Differentiating both the equations, we get 3—)6( =-2sin20 and g—g =205 26.

dy ~ cos20 _ X

Therefore : = .
dx sin 20 y

(d)
y:\/yx+l+\/ix+1+\/x +1..t00 = y=ﬂ/x+1+y

= V' =X+y+1l= 2yj—z=l+:—){

dy 1

dy
= —(2y-1)=1 =
dx(y ) dx 2y-1

(b)
y=(x+1)""" =y = (x+1)
= log, y =ylog, (x+1)

1dy__y +In(x+1)d—y
y dx (x+1) dx

= [E—In(x+1)jd—yzi
y dx x+1

2

= (x+1)(1—|ny)g—§ =y
(@)

y:x2+E = Yy =x’y+2
y

= 2yd—y:y.2x+x2ﬂ
dx dx
N dy  2xy

dx 2y—x°




80. (o
X=e
Taking log both sides, log x = (2y +x) loge =2y + x

2y+X

= 2y+x=logx = oy 1 L dy _1-X
dx X dx 2x



CONTINUITY & DIFFERENTIABILITY
EXERCISE 1(B)

lim f(x) = lim (2X—1) =-3

x—>—1" x—>—1"
£(=1)=(4x+1)_ =-3

xlir_rll f(x) = xlir_rll (4x +l) =-3
li_l)ll]f(x)=1i_1)11;(4x+1)=5

£(1)=(4x+1)_ =5

}glgf(x):)lgllg@—Zx):l

As Xl_l)I}} f(x)=f(-1)= XET f(x)=-3 Hence f(x) is cont. at x = —1.

Further ll_fjl f(X) = f(l) * ll_fjl f(X) hence f(x) is discont. at x = 1.

Being all linear functions f(x) is cont. everywhere else. Ans.[B]
|tan X|
—, x<0
f (X) = x
1 _ s x
‘e , x>0
sin x

|tan x| —tanx _

lim f(x)= lim = lim -1
x—0" x—0" X x—0" X
lim £(x)= lim = =1

x—0* x—>0"  §SIn X
As lim (X) # lim f (x) hence f (X) is discont. at x =0 and discontinuity is not removable
x—0~ x—>0"
Ans.[C]
As codomain of f(x) is open interval hence f(x) can approach +2 as limit but cant acquire these

values. If f(x) is onto then at the points where it approaches +) it will be discontinuous but as
f(x) is given cont. hence it must be an into function. Ans.[B]

As codomain of f(x) contains only natural numbers and no two natural numbers are adjacent on
number line (between every two consecutive natural numbers there will be infinitely many non

integral numbers) hence to be continuous f(x) must be a constant function. Ans.[B]
f(g(x)) may not be continuous at x = a as if g(a) = b and f(x) is discont. at x = b, then f(g(x) will
be discontinuous but it is not neccessary. Ans.[D]

f-1-0)=—1, f(-1) =— (1) = 1
= f(-1-0) = f(-1)

= f(x) 1s not continuous at x =—1
Further , f(1) =-1
f(1+0)=1 = f(1)#f(1+0)

= f(x) is not continuous at x = 1. Ans.[D]



10.

11.

Since f(x) is continuous at x = 0
. lim- fx) = (0)
but f(0)= 0 ( given)
cim e fix) = Iim xkcos (1/x)
=0,1fk>0. Ans.|B]

Obviously function f(x) is discontinuous at x = 0 and x= 1 because the function is not defined, when
x< 0 and x> 1, therefore f(0-0) and f(1+0) do not exist. Again

{Le0)- i3
2 x—1/2\ 2
1 . 1
f (E‘OJ-XE%(E‘X)—O
f(%“)j # f(%—oj
function f(x) is discontinuous at x :% Ans.[B]

-+ f(x) is continuous at x =2
o f(2-0) = f2+0) =f(2) =k

But f(2+0)
lim (2+h)* +(2+h)* -16(2+h)+20
b0 (2+h-2)?
3 2
= klli%h ;Zh =7 Ans. [C]

Since f(x) is continuous at x = 2
s f2)= M fix)
= 1=l (axtb)

I=2a+b (1)
Again f(x) is continuous at X = 4,

f(4) = lim fx)

x—4
= 7= lm (ax+b)

S 7=4a+b .(2)
Solving (1) and (2), we get a=3, b =-5. Ans.[B]
Let us first examine continuity at x = 0.
£(0)=0 (- 0eQ)
=£(0-0) = Jimy £(0-h)=[i% f(-h)
= lim £} or haccording as —h € Q or -h ¢ Q)
=0
f( 0+0) = lim f(0+h) = lim f(h)
= lli_‘}(l){hor—h}ZO

£(0) = (0 — 0) = £(0 + 0)



12.

13.

14.

15.

= f(x) is continuous at x = 0.
Now leta € R, a = 0, then

f(a-0) = lm f(a-h)

h—0

= lim f(a_h) or - (a-h)}

h—0
= a or —a, which is not unique.
= f(a-—0) does not exist
= f(x) is not continuous ata € R .
Hence f(x) is continuous only at x = 0. Ans.[B]

We know that [x] is discontinuous at every integer. Therefore it is continuous only at
x = 1/2, while the function x is continuous at all points x= 0, —1, 1, 1/2. Thus the given function is
continuous only at x = 1/2. Ans.[D]

. l—sin3(n—h)
f (——Oj = lim 2
2 h—0 T
3cos2(2—hj

_ lim 1-cos*h
h=>0 35inh

_ lim (1—cosh)(1+ cosh+ cos” h)
0 3(1—cosh)(1+ cosh)

()
i)

b(1—cosh)
h—0 4h2

=1/2

-
VR
o
+
o
Ne—
Il

2bsin®h/2 b
h—0 4h2 g

Now f(X) is continuous at x =

T T T 1 b
= 1{3-0) =e{5+0) =r(3) = 35

a=1/2,b=4 Ans.[C]

|3

Obviously the function f(x) is continuous at x = 1 and 3. Therefore '™ f(x) = (1)
—a+tb=2 ()
and M f(x) = f(3)

=3a+b=6 -.(2)
Solving (1) and (2) , we geta=2,b =0. Ans.[C]
. 1-cos4x 2sin? 2x
_()) = lim = =
f(0-0) = m 2 7 8

f(0+0): lim \/; ><\/m_|_4
an(\/16+\/__4) \/16+\/;+4




16.

17.

18.

19.

_ x(16+x +4)
= lim =8
x>0 16++/x —16
f(0+0)=10-0)
f(x) can be continuous at x = 0, if
f(0)=a=8. Ans.[B]

Asgiven f(0—-0)=1f(0+0)=k

COS (_h)

Now f (0 —0) = lim __2[=h]
[~h]

“h
_lim Cos[z(-l)j -
T h0 — =-1

f(0+0)= limw: limSiLO:O

h—0 [h]+1  h>0 4]

=+ f(0—0) = (0 + 0), so k is indeterminate. Ans.[D]

f(o_o)::lhn (1+ | sin (-—h)|)sin D)

h—0
— (1+ Sil’l h)a/ sin h =gt
tan2h

f 0 I 0 _ lim lim(tanZhj
( ) h—0 gtan3h :e‘HO tan3h

. 2sec’2h
— lim

= — 2/3
elHO 3sec’3h S

Now f(x) is continuous at x =0
= f(0-0) = f(0+0) = f(0)
= e =¢?? =b
a=2/3,b=¢e"? Ans.[A]

6—-3x x <1

4—-x 1<x<2
X 2<x<3

3x-6 x2>3

f(x)=|x—1|+|x—2|+|x—3|:>f(x)=

It can be easily varified that f(x) is cont. everywhere, now

-3, x <1
-1, 1<x<2
(x)= .
I, 2<x<3
3, x>3
Hence f(x) isnot diff. atx =1,2 & 3 Ans.[B]

: 1
In neighborhood of x = 1, SIN (;j will not have a limiting value but it will be a finite number

lying in [-1, 1]. Further Eirll(ln x)=0 hence 1Xigll(111 X)k =0 ifk>0.



20.

21.

22.

23.

- lim (Inx )" sin(szozf(l) for k>0,

x—1 x—1
(ln x)k sin (llj

X —

Now £'(1) = tim ) =EW

x—1 x—1 x—1 x—1
= limwx lim(ln (1+ y))k_1 sin (lj .
x—l1 y x—1 y

. k-1,
By the same argument used above, k must be greater than 1 for lxlg}(ln(l + Y)) SIn (;j .

Hence f(x) will be diff. if k> 1. Ans.[B]

limf(x)= lim(ax2 +bcosnx)=a—b &

x—1" x—1"
limf(x)=limx*=1=f(1

fim £(x) = lim x* =1=£(1)

For f(x)tobe cont.atx =1, g—b=1.
Now further

f'(x):

LHD _,=2a & RHD_, =4
For f(x) to be diff. atx=1,2a=41ie.a=2&b=1. Ans.[B]

2ax —mbsinwx, x<1
4x°, x>1

Refer the adjoining graph.

A)’

o Ans.[C]

—n—2tan'x, x<-1

f(x)=sin™ 2X2 ={ 2tan'x, -1<x<1
1+x 4
nm—2tan" X, x>1
Hence f(x) is cont. everywhere and not diff. at x =+1. Ans.[B]
atx =0:
. __|0=h|-0
f(0-0)= lim o =-—1
[0+h|-0 _

£4(0+0)= lim =



Now, since f “ (0-0) = f © (0+0)
= f(x) is not differentiable at x = 0. Ans.[B]

24.  Differentiability at x =0

R [£ (0)] = lllig(l)f(omz—f(())

. (0+h)2—0_ li .
= lim—~ "= limp =
hm}) he0 0

. .. f(0-h)-£(0)
LIf* (0)] = Jim 220
= 1im_(0_—h)_0 =_1
h—0 —h
R{f*(0)]#L[f*(0)]
f(x) is not differentiable at x = 0
Differentiability at x = 1

3
R (1)]= tim f(1+h)* —f(1)

-0 h

_ lim(1+h)3—(1+h)+1—1

h—0 h
2 3
~ lim 2h+3h" +h” _ b
h—0 h
¢ .. fd-h)-f@®)
LIfe(1)] = lim 20
— i A2
h—»0 —h
2
= Jim 2
h—»0 —h
Thus R [f* (1)]=Lf(1)]
.~.function f(x) is differentiable at x = 1 Ans.[B]

25.  Since f(1-0) = lim 3x=3

x—1
f(1+0) = im (4x)=3
and f(1)=3'=3
f(1-0) = f(1+0) = f(1)
.. f(x) is continuous at x = 1
fx)-f@®

x—1

= Again f° (1+0)= 1ir111+




26.

27.

28.

and £5(1+0) fim L= fD

x—1" x—1

. 4-x-3
= lim
x->1 x—1
£ (1+0) = f <(1-0)
# f(x) is not differentiable at x = 1.

=1

When x <0, f(x) = I—L

X

1
f‘x)= Ef:;si' (D)
which exists finitely for all x <0

Also when x > 0, f(x) = :

I+x
1
=>fx)= arx)? ..(2)
which exists finitely for all x > 0. Also from (1) and (2) we have
£1(0-0)=1
{Pm+m=1:3f‘m):1

Hence f(x) is differentiable [/ x € R
When x # 0

.1 1 1
f¢(x)=2xsin —+ x? cos —.(——zj
X X X

1 (1j
=2x sin ——cos | =
X X
which exists finitely for all x # 0

2 .
and £ < (0) = lim FI =IO _ iy XZsinLx

x—0 X — x—0 X

0

.. Tis also derivable at x = 0. Thus

2xsinl—cosl,x¢0
£ 0= 0 " ’ x=0

i i 1 1
Also lim ¢ (X)= xl—r:}J 2Xsin——cos—

x—0 X X

— 5 _ lim 1
2 mocos <

: 1 . : . . .
But }g% cos — does not exist, so }g% f ¢ (x) does not exist. Hence f © is not continuous (so not
X

derivable) at x = 0.

Vi-x+l-y=1=2y=x+2JI-x -1
dy 1 I-+1-x

=>——=1- =
dx \/l—x \/l—x

Ans.[A]

Ans.[A]

Ans.[B]

Ans.|[B]



29, x:ln(y+\/l+y2):>\/1+y2+y:e"& l+y’ —y=e™*

ﬂ_ e +e " e +1
dx 2 2¢e*

Ans.[C]

30.  for f(x), y=x+Inx
then for f'(x), x=y+Iny

:>d—X=1+l or Q=L

dy y dx I+y

Further x +Inx =1= x =1, hence for f™'(x), y=1

dy 1 1
=>——=——=—,
dx 1+1 2

Ans.|[B]

31. for x > %, sin”' (3x—4x3) =n—-3sin"' x

Now y=n—3sin_lxz>ﬂ=— 3 Ans.[B]

dx 1-x’

32. x=asec9:>d—x=asec(9tan9,y=btan9:>g=bseczﬁ
do do

4y bsec’0  b’x
dx asecOtan® a’y Ans.[A]

dx dx .
33. 0 =a (1+ cos), 0 =asin 0

dy dy/d®6  asinb

" dx dx/d0  a(l+cos)

~ tan %e Ans.[C]

34. y=loge*—log(e*+1)
=x—log(e*+ 1)
- A . Ans.[A]

©odx e+l eX+1

dy  -2x d%y
B a7 T e
(x? —a?)?2-2x2(x* -a%)2x

(x2 —a2)*

2(3x% +a?)

T (x2-a?)

Ans.[C]



36.

37.

38.

39.

40.

secx—tanx secx-—tanx

y:

= (sec x —tan x)*/ 1

secx+tanx = secx —tanx

LAy

S 2(secx — tanx) (sec x tan x—sec? X)

= -2 sec X (sec x— tan x)?

Ans.[B]

Let us first express y in terms of x because all alternatives are in terms of x. So

=x¥ (1+y)=y> (1 +x)
:>X2_y2+xzy_y2X:O
S>Ex-yEEtytxy)=0

=>x+y+xy=0 (v x#Yy)
= X
y=- 1-x
. dy  (d+x)l-x1_ 1
" dx (1+x)* (1+x)*

Taking log on both sides, we have
ylogx+xlogy=0
Now using partial derivatives, we have

dy _ y/x+logy __ y(y+xlogy)
dx ~ logx+x/y  x(x+ylogx)

Herey = sinx+y =y’=sinx+y

d d d COSX
w2y —yzcosx+—y = I —

dx dx dx 2y-1
y = eX+y
1 dy dy
= —_—=14+—
= logy=x+ty = ¥ dx dx
d y
O Ans.[C]

dx I-y

Ans.[B]

Ans [D]

Ans.[B]



CONTINUITY & DIFFERENTIABILITY
EXERCISE 1(C)

h
oM _cos2h—h
Limit g(n+h) = Limit & —¢0S

h—0 h—0 h2
h
_ Limit & ~h=1  pjmjt d=c0s2h) , 1, 5
h—0 h2 h—0 4h? 2
1-{n—h}
o e "V —cos2(1-{n—h})—(1—-{n—h})
g g (1= fn-hy)?
h
. Lim € —¢os2h—h 5
=50z (n-hi={-h}=1-h)= 7

5
g(n)= 5 Hence g(x) is continuous at Vxel.

Hence g (x) is continuous VxR ]

By theorem, if g and h are continuous functions on the open interval (a, b), then g/h is also continuous at all x in
the open interval (a, b) where h (x) is not equal to zero.

2cosX —sin 2x e
7 X5
(m—2x) 2
h(x)=
e—COSX _1 T
8x —4m 2
LHL atx =n/2
Lim 2sinh —sin 2h _ Lim 2sinh(I—cosh) _
h—0 4h? h—0 4h?

sinh sinh _ .
Lim eSinh _q _ Lim & l_s%nh :l
h-0 ((n/2)+h)-4nx >0 8h sinh 8

= h (x) is discontinuous at x = /2.
Irremovable discontinuity at x = 7/2.

Jomals)-1 = ()

leX_e"4-1—(1—<:os2X)_ 1 7= 3. h fi tinuity f(0)= >
Lim XZ __2_ ——2, ence 1or continuity ()——2

RHL:

5 1 3
[f(O)]=-3;{f0)} = {—5} = +hence [f(0)] {f(0)} =— 5 =—15

. cosh—1
(] ) — L —
gO)=0— =0




10.

I1.

. —h+b-1 . o
g'(0)= %111(} — for existence of limitb=1thus g'(07)=1
> _

Hence g can not be made differentiable for any value of b.]

x —2kmn for 2kn—g SxSan+g

(2k +1)n—x for 2kn+§ < x< 2kn+37n

fF(19)=f(1)=f(1)=2

f(0)=1, f(2)=2
f2)=1; f(2)=2 = fis not continuous at x =2
x'3 is not differentiable at x =0 ]

£F2)=8; f(2)=16

I By definitionf'(1) is the limit of the slope of the secant line whens — 1.

s2+2s-3
Thus f'(1) = Lim————
s—l s—1

~ Lim (s—=1)(s+3)
s—1 s—1

Q(s, 1)

P(1,2)

— Lim(s+3) =4 = (D)

s—1
I By substituting x = s into the equation of the secant line, and cancelling by s — 1 again, we get
y =s?+2s— 1. This is f (s), and its derivative is f'(s) = 2s + 2, so /' (1) =4.]

g(0) =x—[x]= {x}
fis continuous with f(0) = (1) f(x)
h(x) = £ (g(x)) = f ({x}) 0N
Let the graph of f'is as shown in the figure [
satisfying 0 T X
f(0) = 1(1)
now h(0)="f({0})=1(0)=1f(1)
h(0.2) = £ ({0.2}) =1(0.2)
h(1.5)=f({1.5}) =1(0.5) etc.
Hence the graph of h(x) will be periodic graph as shown
= his continuousinR = C

h(x)




~ 2
f(X+hg S _im f(h)+|);|h+Xh where x =h and y=x

12. f'(x)=Li
(X) e h—0

h—0

* £(0)=0; hence f'(x)= Igiﬁnol (Mﬂﬂﬂh}

£ ) =1"(0) +[x[=[x]

I'and Il are false. The function f(x) = 1/x, 0 <x <1, is a counter example.

13.
Statement III is true. Apply the intermediate value theorem to f on the closed interval [a,, b, ]
t al A y
St b ]
f(x) y
14. f(x)is non differentiable at x = a, 3, 0, 7, 0
and g (x)isnondifferentialbe atx=a, 3,0,-2,2 = (B) a 2B IO Y2 9
3x2 —44/x +1 forx <1
15. gx)= [
ax+b forx>1
for differentiability atx =1, g'(1")=g'(1™)
4
a=06x— = a=6-2=4
2Jx
for continuity at x = 1, g(1M) =g(1")
atb=3-4+1 = at+tb=0 = b=-4
a=4,andb=—-4 Ans. |
sinM
16. g(x)= 4
[x]
obv. cont. at x = 3/2
T 1
atx =21(27)= sinz = E
. T
sin >
f(2)= 2 _2
2 2

Hence discontinuous atx=2

17. not derivable at x =0 and 2

ifx>0, x#1
-X

18, fo=| L
ifx<0,x=-1 < X

1+x




19.

20.

21.

22.

23.

24.

25.

5 ifx>0, x =1
(1-x)
and f' (x) =

ifx<0,x=—1
(1+X)

F-l)=b(l-1)+1=1
and Lim f(—1+h) =1

a= 2n+i
2

3

h—0
Limf (~1—-h) =sin((~1+h+a)7) = _ iy 1a
h—0
. . . 3n 3n
for continuity ~ sin ta=— 1 =sin| 207+ 5= ma = 2nm+ > =
hence a= 2n+%, nel and b € R]
. én(ex2+2«/§) o 5 1
o= K = (e 2]
X
2 Y
. . X . . e p—
- timf L (o r24k-1) - Lim [ N +2} -2
. f(0+h)—f(0
f' (0) — hmu =1 alSO f(o) =—C
h—0 h
£ (x)= Lim f(x+h)—f(x) Lim f(x)+f(h)+c—f(x)
h—0 h h—0 h
. f(h)-£(0)
— Lim T gy =
i ==
f'(x)=1
Differentiate column wise, where A; =—4; A, =0and A, =8
D*f(x) =2f(x).f" (x)
D*(x Inx) = 2x Inx (1 + /nx)]
In the immediate neighborhood of x = 1/2 , sinx > sin®x => [sinx — sin*x| = sinx — sin*x
2(sin x —sin® x)+sin x —sin’ x 3sinx —3sin> x
Hence forx = n/2, f(x)= . 3 ; 3 = — - =
2(sinx —sin” x)—sinx +sin” x sinx —sin° x

Hence f'is continuous and diff. at x =m/2

y=(A+Bx)e™ +(m-1)2 - eX

y- e_mXZ(A+BX)+(m— 1)—2 . e(l—x)x

e X . yl _my_|_ e—mx:B_(m_ 1)—1 . e—(m—l)x

e—mx . y2_y1 e—mx . m_m[e—mx . yl _ye—mx . m] =e

—(m— 1)x



26.

27.

28.

29.

30.

e X . yl _ m2y1 e X 4 my - e X = ef(mf 1)x
Y, —2my, + my = e* Ans. ]

Let f(x)=px*+qx+r
f(l)=1f(-1) gives ptq+r=p—-q+r
hence q=0
Hence f(x)=px>+r
f'x)=2px ...(1)
Given a, b, c are in A.P.
hence 2pa, 2pb, 2pc will also be in A.P.
or f'(a), f'(b), f'(c) will also be in A.P.

=

(D) ]

2 s
2 1
3-x?
/_1 ll 1—x ]
2x +2yy'=0
X
xtyy=0 = y'Z—; (1)
L+yy"+ ()2 =0
O
y
¥ L+ (y)*
now k=7—""yw5 =— =— =— =—
n2 V2 2 |
(CTC0R R (PO R A R \/1+
(x+De™* if x>0
f(X): x+1 if x<0
0 if x=0
the graph of f (x) is

hence f can assume all values for f (—2) to f(2)

2 3 3
Put cosd):T ;sind)ZT ;tand):E

y=cos '{ cos(x + ¢) } +sin”! {cos(x — ) }

=cos ' {cos(x + ¢) + g —cos H{cos(¢p—x)} (think!)




31.

32.

33.

d

now compute &
p dz

X2—X

We have X)=
S &) x2 +4x

f (x) is not defined at x =0, — 4
domain of f=R — {0, — 4}
For all x € domain of f, we have
2

fx) = X=X x—1 _1 5
(X)_x2+4x_x+4_  x+4
£lf ) = x
5 5
= a =% o0 I=x=1000
~ 1 5
=" -4
d (. 5 d (o 5
Bl - : : S o _
dx( (X)) (l—x)z ; S dx( (X))at x=2 (1_2)2 5 Ans. |

F0)= Vx+2v2x—4 + x-2Vx -4

f(x) = J(mﬂ/g)z " J(m_\/g)z = [Vx¥2+42| + [Vx=2 42
for \Jx —2 toexistx>2
Also, /x—2 *+ .2 >0 (always true, think ! why?)

but  /x—2 —+2 20 onlyif x>4
<0 onlyifx <4
now f(x) becomes

fx)=x-2 +t2 —Jx=2 +t2 for 2<x<4
= Jx—2 t2 tx—2 — .2 for x>4

f(x)= 22, for2<x<4

=2.Jx-2, for4 <x<ow

fis continuous [2, 4) U [4, wo)(verify)
f'(x)=0, 2<x<4

1
= 2" 4<x<w

1 1
r02)= 5= <1

10 £ (1027) =1

A 2x+2yy'=0 = y'=—y

Y({2)=-1=A



34.

35.

36.

37.

38.

B :cosy y+cosx=sinx-cosy-y +siny-cosx

when x=y=mn

-y -1=0+0 = y(m)=-1

C: 2e%xy' ty)tefedy+tever—e*—evy' =e-e¥xy ty)
atx=1,y=1

2e(y+ ) +e?y+el—e—ey=eXy +1)

ey'te=0 = y=-1

hence A+B+C=-3

C,—> C,—xC;
= f(x) = x? (tan x — cos x)]
= f'(x) = (tan x — cos x) 2x — x> (sec’x + sin x)

Xy cot!(bIny): ahih
y - cot '(blny); cot oy ) by
x+a) 1 b 1 2(x+aj y'
_ 2 — ==y . _ ——| 1+cot = =
cosec ( b ij yy Do 2b2( b y
1 2 y' 1 b yy'—y'
_ —\I+(bmn == - _—| 2(blhy)—y'| = L L
b2 (( ( Y))) y 2b2( y yz
1 " !2 " '2 '
—hyy'=yy'-y ; yy'=y -yyhy
2 2
yy'tyymy=y —-yyhytyymhy=y
Lim x* =1 ;let [= x* henceasx — 0, x* —> 1
x—0
L=0)-1=-1 = ©
d 3 3 2
2 4 W) =20y P33y iy,
Now differentiate y> = P(x) thrice)
.. . l—ex . ex_l
for continuity Lim =1(0); hence f(0)=- Lim =—1
x—>0 X h—»0 —X
2
1—¢h 1 N 1—h—{1+?’+hz'+ ...... } 1
f'(O+):Limh—=Liml_ez+h= .2 . Y
h—0 h h—0 h h
2
1-¢™ —h-|1-nyht
£ (00 = s l—e"_h Y _ 1
0= Lim—= =Lim 5 = 5 )
h—0 —h h—0 h h
I7¢ " i xx0

hencef(x)Z[ X
-1 if x=0



39.

40.

41.

42.

43.

44,

(a2 — 22— 15)e™ + (b2 — 2b— 15)e™ =0

= (a2-2a-15)=0 and b>-2b-15=0
= (a-=5)(a+3)=0 and (b-5)(b+3)=0
= a=5or -3 and b=5or -3

a#b hence a=5 and b=-3

or =—3 and b=5

= ab=-15 Ans. ]
Whenx=0,ev=¢ = y=1
Differentiating w.r.t. x, we get

dy dy
i YT X o (1)

&y _ (dy)  dy dy dy
y—=¢Y|— | + ——+—+x—5 =0 ...

dx? © [dx dx  dx N dx? 0 2
Wh =0,y=1 . F 1 b1

en x=0,y= S rom()dx— -

Putting the data in (2), we get

d%y 1 2 d’y 1
—L e = — = — = —
© dx? © e’ e 0 dx? e’ |
N =cos6x + (1+5) cosdx + (5+10) cos2x +10

= c0s6x + cos4x + 5(cosdx + cos2x ) +10 (1 + cos2x)

=2 cos5x cosx + 10 cos3x cosx + 20 cos’x

= 2cosx [cos5x + 5 cos 3x + 10 cosx |

------ Denominator------
! d .
Ly= N = 2cosXx 2 Yo 2sinx = (©)
D’ dx
yr=x>-6
dy x 2y dy S

320 _ 3= _ 2 3= 2 2| = 2
4yd 2x = Yix 2 = yX2+3y[X )

2 X ? 1 2 x? 1 d’y  3x? 1
322y a2l | = = 322 4 a2 8 32 ) B
Yoz T ) T2 T Vgl TV T2 = ol a2

dzy 1 352 5 dzy 2y4 -3x? dzy 2y4 ~3x°
= — =T - = — = = — =

d
(P =[000T} =2 [f(x) -£(x) = ¢(x) ¢'()] =2 [£(x) - $(x) = d(x) - F ()] =0

[ £7 () =d¢(x)and ¢ " (x) = f(x)]

= [fx)]* ~[¢ (x)I* = constant
A0 =6 (10)] = [f3)]* ~ [¢(3)]* =[]~ [f' )] = 25-16=9

cos*o  sin*a
x+y |~ y )= 1 = (cos?a + sin’a)*




Y cos* o+ 2 sin® o —2sin? avcos? o = 0
X y
2
or (\/gcos2 oc—\/gsin2 oc] =0
X y
d
tan?a = > or y = xtan’a =L tanla
X dx
45. y=e*+x; diff. wrty,
. | dx dx 1
= X+ _— . T =
Dy oy T e
dx 1 1
- = - ——
dy | ,, e™+1 3
dy X 1 ( 1 ]
.= +tan'x + -
46 X lix2 tan 'x . 2
51
X X
X 1 |X|2 _L
:—1+x2 + tan X+—1—x2 2
d
as x —> 0, Sl =—1 Ans.
dx
Alternatively :
-1 -1 -1
£1(0%) = L D1tan " (h) +sec (1/h)-m/2 _ L c0s ' (h)—7/2
h—0 h h—0 h
— 1 _l
= Lim 2% Y __ 1
h—0 h
Similarly  f'(07) =—1
Hence f'(0)=—1
A B sin x - sinx  sinx(I+y) 0)—0
7.ooy= cosx Y cosx l+y+cosx’ 0=
l+— I+——
1+ Sin X ]+y
I+........

y(l +y+cosx)=sinx (1 +y)
y' +2yy' +cosxy —ysinx =cos x(1 +y) + sin xy'
V() [1+2y+cosx]-0=1+0

1
2O)=1 = YO)=

—l/hz _ 2 3
48.  f'(0)= Lim 2 m Uh_ SV 'm—zh/z =
h—0 h h—0 el/h _el/hz'l h—0 hz el h



1
Hence fis differentiable at x =0. Also LiM ¢ ¥ 1=C

Alternatively:
2

check concavity by finding d_}zl and eliminate D.
X

d’ d
49 Given —3 +yd—i =0
now Q_L iziL =ii ﬂ__ 1 d’x 1
dx dx “Tdx?  dx| dx dy| dx |"dx dx )2 dy? dx
ox
dy __dY o
i & 3 (putting in (1))
dy
d*x X
C dly dy) d’x
dy3+yg=0:> Y(—yj— =0 =C
dx dx dx dy
dy

ey

50. Let fxX)=y = x=fly)=gy) = x=e¢

d
= ool = e = g(y)

= E— =

hence g'(x)=¢e°

10



CONTINUITY & DIFFERENTIABILITY
EXERCISE 2(A)

More than one options may be correct

X-{n(cosx)

> #0
01 1ff(x)=4 (1+x?) then -
0 x=0
(A) fis continuous atx =0 (B) fis continuous at x = 0 but not differentiable at x = 0
(C) fis differentiable at x =0 (D) fis not continuous at x =0
Sol. [A, C]
1
hin(cosh In(cosh )n?
= £(0")=tim MN(EOSN) _, In(cosh)
">Ohin(1+h?) "0 In(1+h?)
hZ

.1 1
= L'DQF(COSh —1)=—E

= Paralally f '(0‘) = —%

Hence f is continuous and derivable at x =0

Q.2 Given that the derivative f’ (a) exists. Indicate which of the following statement(s) is/are always true.

(A) f'(x):!im%:;(a) ®) f-(a):mf(a)—;(a—h)
© f'(a)=mf(a+2tt)_f(a) D) f,(a)zlmf(a+2t)2;f(a+t)
sol. [A B]

1
= (C) is false and is True only if £ (a) = 0 limit is 2f * (a). In (D) same logic limit is Ef '(a)

Q.3  Let [x] denote the greatest integer less than or equal to x. If f(x) = [xsin nx] , then f (X) is:

(A) continuous at x =0 (B) continuous in (— 1, 0)
(C) differentiable at x = 1 (D) differentiable in (- 1, 1)
Sol. [A, B, D]
0 O<x<l1
= f(x)=|0 x =0orlor-1
0 -1<x<0

= f(x)=0forallin[-1, 1]

Q.4  The function, f(x)=[[x|]—[[x]| where [x] denotes greatest integer function



(A) is continuous for all positive integers

(B) is continuous for all non positive integers

(C) has finite number of elements in its range

(D) is such that its graph does not lie above the x — axis.
Sol. [A, B, C,D]

0 x=-1
-1 -1<x<0

= [M-XI= g pex<a
0 1<x<2

= range is {0, — 1}

The graph is

- Y
2 -1 T N

S|
s ——0 — |

Q5 Letf(x+y)=Ff(x)+f(y) forall x,yeR.Then:
(A) f (x) must be continuous VxeR (B) f (x) may be continuous VxeR
(C) f (x) must be discontinuous VxeR (D) f (x) may be discontinuous VxeR
Sol. [B, D]
= Ilhrﬂgtf(x+h):llhrﬂgt f(x)+f(h)
= f(x)+I|hnlgtf(h)
Hence if h—>0

= f(h)=0
= ‘f” is continuous otherwise discontinuous

Q.6  The function f(x):xfl—xil—xz

(A) has its domain -1<x<1.

(B) has finite one sided derivates at the point x = 0.
(C) is continuous and differentiable at x = 0.

(D) is continuous but not differentiable at x = 0.

Sol. [A, B, D]
2 X
L (0 )=Lip(0) e s
V2 V2 VLI 1= X2
Q.7  Consider the function f(x) = | x3+ 1| then
(A) Domainof f xeR (B) Range of fis R*
(O)f has no inverse. (D)f is continuous and differentiable for every x e R .

Sol. [A C]



Range is R* {0} =B is not correct
f is not differentiable at x =— 1
x*+1 if x>-1
= as f(x)= , _
—(x +1) if x<—1
3x?  if x>-1
= f'(X)=
&) {—3x2 if x<-1
= f '(—1*) =3
= f'(-1)=-3
f is not differentiable at x =—1
also since f is not bijective hence it has no inverse

Let f(x)= (X—2yx-1 X then:

Q8 =
(A) £’ (10)=1 (B) f'(gjz—l
(C) domain of f (x) is x>1 (D) none
Sol. [A, B]
\/(Jx—l)2 tl-2dx-1  [x=1-1  [x if xe[1,2)
= f (X) = X = X = '
Ix-1-1 JIx-1-1 x if XG(Z,OO)

Q.9 fisacontinuous function in [a, b]; g is a continuous function in [b, c]
A function h (x) is defined as

h (x) = f (X) for x e[a,b)
=g (X) for x e(b,c]
If f(b)=g(b),then
(A) h (x) has a removable discontinuity at x=b.
(B) h (x) may or may not be continuous in [a, c]
(C) h(b?) = g(b") and h (b") = f(b")
(D)h(b)=g(b)andh (b7) = (b")

Sol. [A C]
Given fis continuous in [b,c] ........ (1)
giscontinuousin[b,c] ... (2)
foO)=g®) . 3)
=h (x) = f(x) for x [a,b)
=f(b) =g (b) forx=b L ... 4)
=g (X) for x e(b,c]

= h (x) is continuous in [a,b)u(b,c] [using (1), (2)]



also f(b*) =f();g®)=g®b ... (5)  [using (1), (2)]

= =~ h(b")=f(b")=f(b)=g(b)=g(b")=h(b")

= now, verify each alternative. Of course! g (b~) and f (b") are undefined.
h(b)=f(b")=Ff(b)=g(b)=g(b"

— and h(b*)zg(b*):g(b):f(b):f(b’)

= hence h (b)) =h (b*) =f (b) =g (b)
= and h (b) is not defined

xX-3
- | | 1 XZl.
Q.10 The function f(x)=|( x? BXJ 13 is:
— ==+ =, x<1
4 2 4
(A) continuous at x = 1 (B) differentiable at x =1
(C) continuous at x =3 (D) differentiable at x = 3
Sol. [A B, C]
X-3 if x>3
= f(x)= 3-x ifl<x<3
x? 3x 13 if x<1
4 2 4
f(l+h)-f(1
= f'(1")=limit (+h)-f@)
h—0 h
3-(1 -
= gimig S t=2_
h—0 h
1-h)’
A=h) 30 py B8,
= f'(1)=limit —4 2 4
h—0 —h
2
i) =6(1-h)+5
h—0 —4h
2
— ”mith_l
h—0 —4h

= f'iscontinuous at x =1

Q.11 Which of the following statements are true?
(A) If xe¥=y +sin-x, then at y | (0) = 1.

rational co-efficients then the equation f’(x) = 0 must have a real root.(me N ).

. . | 2 .
(C) If (x —r) is a factor of the polynomial f(x) = anx"+ a, 1xn + an_zxn + ..... + @ repeated m times

where 1 <m<n then r is a root of the equation f' (x) = 0 repeated (m — 1) times.



(D) If y =sin ! (cos sin~1x) + cos ~!(sin cos ~1 x) then S—z is independent on x.

Sol. [A,C,D]
[D] Letsin"ix=t

_ TC
= cosix==-—t

= y=sin"(cost)+cos™ (sin (g — tD =sin™(cost)+cos™ (cost)

1 X 1 y
A 2y-1 B) X+2y ©) V1+4x () 2X+Y

Sol. [A,C,D]
= Yy =X+Yy

dy 1

dx 2y -1
also y:§+1

y

LAy oy

dx 2x+y
make a quadratic in y to get explicit function

Q.13 |If ,[y+x +«}y—x = ¢ (where c=0), then j_y has the value equal to
X

(A = ® X ol X gt
c y+4Jy? —x? X 2y

Sol. [A, B,C]
= Square both sides, differentiate and rationalize

Q.14 If f(x)=cos {E} cos(g(x —1)); where[x]is the greatest integer function of x, then f(x) is
X

continuous at

(A)x=0 B)yx=1 C)x=2 (D) none of these
Sol. [B,C]
= (A) = Not defined at x = 0;
= (B) =f (1) =cos 3; f (2) =0 and both the limits exist



Q.15 Select the correct statements.

for x <1
(A) The function f defined by f (x) = f( ) [ZX 3 is neither differentiable nor

3x+2 forx>1
continuous at x = 1
(B) The function f (x)=x*|x|is twice differentiable at x = 0.

(C) If fis continuous at x = 5 and f (5) = 2 then lim f (4x* —11)exists.
(D) If lim(f(x)+g(x))=2 and lim(f(x)—g(x))=1then limf (x)-g(x)need not exist.
sol. [B.C]

Q.16  Which of the following functions has/have removable discontinuity at x = 1.

1 x* -1
A) (X B) f(x)=
Sol. [B, D]
(A) limf (x)does not exist
(B) Ilmlf (x) - T (x) has removable discontinuity at x = 1
(©) Ilmlf (x) does not exist
(D) Iquf (x) - f(x) has removable discontinuity at x = 1

Q.17 f (x) is an even function, x = 1 is a point of minima and x = 2 is a point of maxima for y = f (x).
Further Iimf(x)=0, and Iimf(x)=oo. f (x) is increasing in (1, — 2) & decreasing everywhere in

(0,1)u(2,:). Also f (1) =3 & f (2) =5 Then
(A) f(x) =0 has no real roots
(B)y="f(x)and y=|f(x)| are identical functions
(C) £’ (x) = 0 has exactly four real roots whose sum is zero
(D) £’ (x) = 0 has exactly four real roots whose sum is 6
Sol. [A B, C]
limf (x)=co, limf(x)=0

X—0 X—> 0



-2 -1 1 2

= f (x) is increasing in (1, 2) and decreasing in (0,1)\(2,o0) from the graph

Q.18
Q.19
Q.20

PASSAGE 1

A curve is represented parametrically by the equations x = f (t) = a'“(bt) andy=g(({)=b~ '”(at)a, b>0
and a=lb=1lwhereteR.

Q.21 Which of the following is not a correct expression for j—z?
-1 -9(t) —f(t)
A B) — (g(t))? C) ——= D) —~
( )ft)2 (B) - (a(®) © F) (D) a(0)
Sol. [D]
2
Q.22 The value of :—gat the point where f (t) = g (t) is
X
1
(A)0 (B) 5 ©1 (D) 2

Sol. [D]

Q.23 The value of f'(t) g ) + (=) ) (t)Vte R,is equal to

f(t) £(=t) (=) F'(t)

(A) -2 (B)2 (C)-4 (D) 4
Sol. [B]
= x=f(t)=a'"(bt) S L (1)
= y=g (t) _ b*'”(a‘) _ (bma)‘t _ (alnb )“ _ g-tihb
= ny=g(t)=a"")=f(-t) .. @)
From equation (1) and (2)
=>xy=1
() y=y

X



dy 1 1 .
e A A) is correct
dx  x° fz(t) )

= Alsoxy=1

=

dy 1y’ ) .
e A B) is correct
= dx  x° 1 g°(1) ®)
t
= Againxy=1 d—y=—X=—&) (C) is correct
dx X f(t)

(D) is incorrect

{Mf)=gt) =>f@M)=f(-t) =>t=0
{ f (t) is one-one function}
Att=0,x=y=1
2
. d_y :__1 and d_y 2

“dx x? dx? X

— Atx=1, dy:z
dx?

(iii) .. xy=1 L fg=1 L fg+gfP=0
= gt P+g P +gf=0
= fg +gf +2g f =0
_ fot o, 3)
f'g’ g 't
from equation (2)
=g®=f(1
= g M)=—f" (1
and g” (t) =" (- 1)
substituting in equation (3)
- f'(t) B .(_t) .\ f(—t) (1) _
f1(t) =f'(-t) —F'(-t) (1)
f(t) (1) f(-t)
f'

R RICHRAOR
£() () () ()
=1
PASSAGE 2
X —ngg—l
Let a function be defined as f(x)z{ [2] 1 2,where [.] denotes greatest integer
21, —E<x£2

function.
Answer the following question by using the above information.



Q.24  The number of points of discontinuity of f (x) is
(A)1 (B)2 €3 (D)0
Sol. [B]

-2 -1 ~-1/2 11@/

= Two points of discontinuity —1,—%

Q.25 The function f (x — 1) is discontinuous at the points

(A) —l,—% (B) —%,1 © 0,% (D)o, 1

Sol.  [C]

-2 - ~1/2 1N§/

) . 1
= Discontinuous at 1,5

Q.26 Number of points where [f (x)|is not differentiable is
(A1 (B)2 ©€)3 (D)4
sol. [C]

—1 1/2

\v/l+lf’~f§
4

= at —1,—l,ithe function is not differentiable.

2'\2



PASSAGE 3
Two students, A & B are asked to solve two different problem. A is asked to evaluate

1-cos(In(1+x
lim ( ( ))&Bisaskedtoevaluate Iim( Jﬁ + % + Jﬁ J,neN.A

...... +
x—0 X2 X—® \/ng +1 \/ng +1 ’\/r\3 +2n

provides the following solution
In(1+x) XJ

1—cos(
] X
Let h=Ilim

x—0 X2 x—0 X

— In(1+Xx
T COSX[Asan:lj

2 x—0 X

B provides the following solution

N TN (T B RS R 1)
Let I, =1lim — L= lim N
2 n—)w{; ’n3+r} n—o ; n r

n+—

lim

n—w

lim 1{1+1+ ....... +1J]— lim 2—n:2
%’—/

n—w n

Q.27 ldentify the correct statement
(A) both of them get the correct answer
(B) both of them get the incorrect answer
(C) A gets the correct answer while B gets the incorrect answer.
(D) B gets the correct answer while A gets the incorrect answer.

Sol.  [A]

Q.28 Who has solved the problem correctly.
(A) A (B)B (C) both of them (D) no one

Sol. [D]



tan X —sin x
41, —_—
X x<0

Q.29 f(x)= k x =0 wherel, and |, are correct values of the corresponding limits, if is

[ -x-1 x>0
| 1-cosx

continuous at x = 0 the K is equal to:

(A1 (B) 2 (©)3 (D) no value of K
Sol. [D]
o Iiml—cos(ln(1+x)) _(In(l+x)}2 1

x>0 In?(1+x) X 2

A & B have made the same mistake, they used the notion of limit partly in the problem, where as once the
limiting notion has been used the resulting expression must be free from the variable on which the limit has
been imposed

~ fim 200 <1, < lim 2n+2
R TR =N

Hence |2 = 2 (sandwich theorem)

= Sol.1 Hence (A)
= Sol.2 Hence (D)

—Sol3  lim 4.1[Mj:4.%.%:1

x—0 2 X3

X 2
:Iimlz(e _Xx_l- X j:z(z-z):s

x—0 2

= for no value if K
Hence (D)

PASSAGE 4
Q.30
Q.31
Q.32

Matrix match type

Q.33
Q.34 Column -1 Column - 11
x+1if x<0
A f(x)= _ , atx=0is (P) continuous
cosx if x>0

(B)  Forevery x R the function (Q) differentiability



sin(n[x—n]
o(x) -7
1+[x]
where [X] denotes the greatest integer functionis  (S) non derivable
(C)  h(x)= 1f{x}2 where {x} denotes fractional part

function for all x 1, is
1

(D)  k(x)= XX £ 1 gt x ~1is
e ifx=1
So. (A= P,S;B)=P,Q;(C)=R,S;(D)=P,Q

@) £(0)=1lim "0

h—0

Hence continuous and not derivable
(B) g (x) =0 forall x, hence continuous and derivable

(C) as0< {f(x)} <1, hence h(x)= {x}2 ={x} which is discontinuous hence non derivable all x €1

(R) discontinuous

does not exist. Obviously f (0) =f (0") =1

1
(D) limxix = Iirrl1x'°gxe =e=f(1) T

x—1 X

= Hence k (x) is constant for all x > 0 hence continuous and differentiable at x = 1.

Q.35 Column -1 Column - 11
(A)  Number of points of discontinuity of f(x)=tan?x —sec”x (p) 1
in (0,2m)is
(B)  Number of points at which f(x)=sin™ x+tan™ x+cot™ X (q) 2
is non-differentiable in (— 1, 1) is
(C)  Number of points of discontinuity of y =[sinx],x €[0,2x) (no
where [ . ] represents greatest integer function
(D)  Number of points where y=‘(x—1)3‘+‘(x—2)5‘+|x—3| is (s)3

non-differentiable
Sol. (A)=q;B)=r,(C)=q;(D)=p

(A)  tan®x is discontinuous at X =

)

= sec? x is discontinuous at x = X =

Nola Nila
NSRS

= Number of discontinuities = 2

(B)  Since f(x)=sin"'x+tan™ x+cot™ x =sin""x +g



= ... f(x) is differentiable in (— 1, 1)

= number of points of non-differentiable = 0

0 ,ngE
2
1 ,x=g
(C)  y=[sinx]= - 7t
0 , —<X<m
2

-1 , TS X <21
0 , X=27

= .. Points of discontinuity are g,n

D) vy :‘(x—l)3 +‘(x —2)5‘ +|x—3| is non differentiable at x = 3 only.




CONTINIUTY & DIFFERENTIABILITY
EXERCISE 2(B)

3x*+ax+a+3
X2 +X—2

Q.1  If the function f(x) =

Sol. [14]
Since the function is conti then

— V.F|_,=RHL|,_,=LHL|_,
= f(-2)= lim f (x)

X—>-2

3x2+ax+a+3_(15—aj
form

is continuous at X = — 2. Find the value of a + f (— 2).

= lim 5
x>-2 X"+ X—-2

this limit will exist when

=15-a=0
—a=15 (1)

. 3x*+15x+18
= lim ———

x>-2 X 4+X-2
_ fim 3(x—:2)(x+3)

x>-2 X +X-2
= tim 32+%)

X—-2 (X—l)
:>i:—1

-3

=hencef(-2)=-1

f(x
Q.2 Suppose that f(x)=x*-3x*-4x+12and h(x)= X(T;Z ’ z(:zthen
K
find the value of K that makes h continuous at x = 3
Sol. [5]
o i X A2 (x=3)(<*~4) lim (x-3)=5
x—>3" X—3 X —>3* (x_3) x—>3"

—hencek =5

Q.3  Determine the value of product of values of a & b so that f is continuous at X = g.f (x)



1-sin®x x<g
3cos?x if
. T
= a if x==
) : 2
b(1-sinx) if T
| (x—2x) x>
Sol. [2]
=VF| _=a
X=3
= LHL e = Iimff( )
2 x—)(g]
1-sin®*x
= |lim — form
H(] 3cos’x )0
2
=put Xx==-h
P 2
1-sin®| = —
. ( j : 1 cos®h
:!‘ll—rj(]) h—)O 3 h
3cos( hj sin’
b(1-sinx)
= RHL| _=lim
2 ot (n=2x)
=put X=—+h
P 2
__b(1-cosh) b
= lim —
h—04 h? 8
since function is conti
=VF| _=LHL| _=RHL|
*=3 2 X3
1 b
Sa=—=—
2 8
:>a:£,b:4
2
0.4 Iff(x):sm3x+Asm52x+Bsmx
X
Sol. [2]

] __(1-cosh)(1+cos’h+cosh) 1
h—0 _E

3(1—cosh)(1+cosh)

Since the function is conti

(x #0)is cont. at x = 0. Find the value of A + B + f (0)



= f(0)=limf(x)

x—0

. (sin3x+Asin 2x + Bsin xj
= lim -
Xx—0 X
) 30053x+2Acost+Bcosxj [3+2A+BJ
= lerrg
=3+2A+B=0 (1)
. —95|n3x+4Asm 2X —Bsin x 0
= lim ;| =form
x—0 20x 0
. [ —27c0os3Xx—8Acos2x —Bcos x -27-8A—-B
= lim > : form
x—0 60x 0
=27+8A+B=0 ....(2)
. (81sin3x+16Asin2x+Bsinx ) (0
= lim | = |form
x—0 120x 0
. [ 243c0s3x +32Acos2x +Bcosx
= lim
x—0 120
= f(0)=2B12AYB )
120
using (1) & (2)
=A=-4B=5

—=thenf(0)=1

X" (x)+h(x)+1 _ sinz(n-zx)
5 Let g(x)=Ilim X=#landg(l)=lim—————~
Q 9(x) > 2X" 43X +3 9() X—’lln(sec(n-zx))

x =1, find the value of 4 g (1) + 2 f (1) — h (1). Assume that f (x) and h (x) are continuous at x = 1.
Sol. [5]

be a continuous function at

g(x)=lim X' () +h(x)+1 since g is conti
xoe 2% 4+3X+3
& g(1)=2
_sin?(n-2)
= g(1)=lim

1 (sec(n-zX ))
=arg=1soarg—-1

o osin®(m-2%)
=g(1)=Ilim
9 H1(sec(n-2X)—1)

i sinz(n-ZX)-cos(nZX)
x-1 1—C05(n2x)




i (1—cos 2~ )(1+ cos nZX)
x>1 1—cos(n2X)
(1— cos 2 )(1— cos 2" )cos (nZX)

=N 1-cos(n2")
SgM)=2 ... (1)
= g(x)=Ilim an();)+h(x)+1;x¢1
x> 2X" +3X+3
h(x)+1
3(x+1), 0<x<1
=g(x)= 2, x=1 using (1)
f(x) . x>1
2
0,0<x<1
Hint limx" =<1, x=1
o o, X>1

when x <1then x" =0
h( )+1
x+l

_I|m
X 3x+3

=h (1) 1
=f()=4
therefore

=49 (1) +2f(1)-h (1)
=42+2.4-11

=8+8-11=5
Q.6 The function f(x)= (2+COSX %) is not defined at x = 0.
x*sinx X
Let L be the value of the function at x = 0 so that it is continuous at x = 0, then find the value of L™!
Sol. [60]

Since the function is cont. Atx =0



then,

= VF| _,=LHL| _,=RHL| _,
2+cosx 3
=f(x)= - =
(x) (x3sinx x“j
:>L:f(0):lxlmf(x)
. | 2x4+Xxcosx—3sinx
= lim

x—0 4 SinX
X' ——|X
X

2X 4+ X C0S X —3sin X

1 3 1
> =
4 120 60

= -.Lt=60

Q7 Letf(x)=x*-x*-3x—1and h(x)= %Where h is a rational function such that (a) it is
X
1

continuous everywhere except when x =—1, (b) limh(x)=coand (c) Iinjlh(x) =5 If

Iim(3h(x)+f (x)—2g(x)) = —% where p and g are coprime then find the value of p + g

Sol. [43]
= h(x):m

9(x)
= ()=

= -+ x =—1, function will disconti: and for x = —1h(x) =0

Now lim h(x) :%

Xx—-1

1 (x+l)a 2



2_2x-1 1
:>Iim(x X )(XJF):i

X—>-1 (x+1)a 2

2 1
42

a 2
=a=4
putin (2)

x*—x?-3x-1
=)=
=g(X)=4(x+1)
using (1)

) x2—x?-3x-1
:>)|(I_r>T(])(3.[ (x+1)4 J+(x3—x2—3x—1)—2(4(x+1))}
:M—1—8

4

2 3P¥_p

4 q

Q.8  Suppose f and g are two functions such that f, g: R —R, f(X) In(1+ 1+ X2 ) and

9(x)= In(x+x/1+ XZ) then find the value of e (f (ED +g (x)atx=1.
X

Sol. [0]

g(x):ln(x+m)

also (f %n :f(ij(—%]

now f'(x)= 1+\/1+_x \f1+_x

jfl[ij +«/);+x2 é.«/lixz
1 1

:f'(;j'(_Tj xy/L+x2 (X“/“X )

also e”) =e el _x+\/1+x
= xe?) = x(x+\/1+x )




= Hence, eg(x)-x-(f (ED o1 (2)

X V1+x2
= From (1) and (2), g'(x)+xe*™ [f (%D =0

f(3+h*)-f(3-h?)

Q.9 Iff(x)isderivable at x =3 & f’ (3) = 2, then find the value of Iing

2h?

Sol. [2]
jlimf(3+h2)—f(3h2)

x—0 2h2
. 2hf(3+h2)+2hf'(3—h2)

x—0 4h

' 2 _h2

= IXiLTgf (3+h );f(S " ) by L’ hospital
SL;-I”(S)ZEZZ

Q.10 Let f (x) =[3 + 4 sin x] (where [ ] denotes the greatest integer function). If sum of all the values of

‘X’ in [n, Zn] where f (x) fails to be differentiable, is k—zn then find the value of k.

Sol. [24]
YA s
Fffr? £ Eé;&s —
) -
-3 < »
—4 -« "
=f(xX)=[3+4sinx]
=+ [4sin x]
Sumof all x=n+(n—o)+(n+B)+(n+7)+(2n—P)+(2n—o)
=12n
= .. k=24

Q.11 The number of points at which the function f (x) = max. {a—x, a + x, b}, —co<x<w,0<a<b

cannot be differentiable is
Sol. [2]



(0, 9)

\(9,0)

Q.12 Letf, g and h are differentiable functions. If f (0) =; g (0) = 2; h (0) = 3 and the derivatives of their
pair wise products at x =0 are (f g)’ (0) = 6; (gh)’ (0) =4 and (hf)’ (0) = 5, then compute the value of
(fgh)’ (0).
Sol. [16]
(fg)'h+(gh)'f +(hf)'g
2
. - (1ghy(0)= (9 (0) +(8) (0)£(0)+ (1) (0) (0)

2

— (fgh) (0)=fgh’+ghf’ +hfg =

6-3+4-1+5-2
= 5 =

16

Q.13 Letf(x)=x+i+i+i+ ...... o . Compute the value of f(10)-f'(10)

2X  2X  2X
Sol. [10]
= f(x)=x+ 1 1 — 1

X+ X+ x+f(x)
1
2X +
2X 4. 0
1

hence f(x)—x=

x+f(x)

= .f?(x)-x*=1

Differentiating w.r.t. X

= 2f (x)-f'(x)-2x=0 or f(x)-f'(x)=x
= Hence f(10)-f'(10)=10

2
Q.14 If the value of the expression y* 3—2 for the ellipse 3x*+4y* =12, is—EWhere p and g are co-
X q

prime then the value of p + q
Sol. [13]
Differentiating implicitly we have



" |__3_X. n 12 —
=  6x+8yy'=0and hence y'= 4y,4[yy +(y") }_ 3

Differentiating again and substitute for y’ we have
2

= 3+4(y')2+4yy"=0 and hence 3+%+4yy"=0
y

2 2
multiplying by y?, 3y* +QL+4y3d—¥=O
4 dx
3y° 9 s
= —+—+Yyy"=0
4 16 vy

= %(3x2 +4y2)+y3y"= 0

= but 3x* +4y® =12 and hence y’y" = —% = —g at every point on the ellipse

Q.15 Iff:R —Risa function such that f (x) = x3+x? £’ (1) + xf” (2) + f > (3) for all x € R, then find
the value of f (2) — f (1) + f (0).

Sol. [0]

Given that f{x) = x3 +x2f'(1) = 1+ f'(1) + xf"(2) + f"(3) ....(1)

Putting x =0and x =1 in (1), we get
fO)=fB)andf(H=1+1" 1)+ 2)+1"(3)

Q) -TO)=1+(1)+17(2) ....(2)
Differentiating both sides of (1) w.r.t. x, we get
= X =3x2+2xf(1)+f” () e(3)
=and f” (x) =6x+2f’ (1) cee(d)
=also f”” (x)=6 (5
Putting x =1, 2, 3in (3), (4), (5) respectively then
= f'()=3+2f"(1)+f” ()
orf’()=¢t2)=-3 . (6)
=f"2)=12+21"(1) or 200 (-7 (2)=-12 ... (7
=andf’”3)=6 . (8)

Solving (6) and (7), we get f° (1) =—Sand f” (2) =2
Hencef(1)-f(0)=1-5+2=-2

Also from (1), f(2) =8 +4f° (1) +2 7 (2) + 7 (3)

=8-20+4+6=-2 L (10)
Hence from (9) and (10), we get f (2) = f (1) — f (0).

> f@-f)+f0)=0

Q.16 Lety =xsin kx. Find the sum of possible values of k for which the differential equation

2
%+y:2kcoskx holds true for all xeR
Sol.  [0]
y =xsinkx ....(1)

=Yy1= kK X cos kx+sin kx



=Y =k [cos kx — kx sin kx] + k cos kx
2

:j%szcoskx—kzxsinkx ........ )

d’y

2
= Now, given 3 +y =2coskx (substituting the values of y and 3—32/)
X X

= Hence, 2k cos hx — k2x sin kx + x sin kx = 2k cos kx
=xsinkx [1-k¥ =0,
=hencek=1,-1o0r0

Q.17 The function f : R —R satisfies f (x?) - £ (x) =’ (x) -’ (x?) for all real x. Given that f (1) = 1 and
f’” (1) =8, compute the value of £ (1) + f” (1).

Sol. [6]

Given, f(x?) -f” (x)=f’(x) -f’ (x)

Put x = 1 in the given relation

=f(1) - 7 ()= (1))

letf’ (1)=a .....(1) (asf()=1)

tofind(a+h)="

differentiating the given relation

wegetf(x?) £ x)+f7(x) - 2x+ 1’ (x?) -f” (x)

putx =1

—=8+2ba=2ab+ab

—ab=8 ... ()

from (1) and (2)

=a*=8

—a=2andb=4

—a+h=2+4=6

Q.18 A polynomial function f (x) is such that f (2x) =f’ (x) f” (x), then find the value of f (3)
Sol. [12]

Suppose degree of f (x) =n.

=Thendegf’=n—-1landdegf”=n-2,son=n-1+n-2.

Hence n = 3.

=So put f (x) =ax® + bx? + cx + d. (a=0). Now using f 2x) =’ (x) -f” (x)

Then we have 8ax® + 4bx? + 2¢cx + d = (3ax? + 2bx + c) (6ax + 2b)

18a?x3 + 18 abx? + (6ac + 4b?)x + 2bc.

= Comparing x3, 18a% = 8a L) = a= g
= Comparing x2, 18ab = 4b ..2) > b=0
= Comparing X, 2c=6ac+4b>...3) = ¢=0
= Comparing constant term, a = 2bc = d=0

= 1(x)= 2 1(9)=12

Q.19
Sol.  [6]



f(x+y“):f(x)+{f(y)}n,v X,yeR
Differentiating w.r.to x gives
f'(x+y”):f'(x)

Hence f'(x)=constant

= f(x)=ax+b

for x=1y=0

f(1)=f(1)+{f(0)}' =7 (0)=0

for x=0,y=1

f(1)=f(0)+{f(1)}] =f(1)=0or1
But f(1)=0= f(x)=0 for all x.
Hence f(x)=x

= f'(10)+f(5)=6

Q.20
1-a*+xa*Ilna
— , x<0
f(x): a X
2*a*—xIn2-xIlna-1
5 : x>0
X

) . 1-a*+xa*lna
:ﬁzllmf(x):llm )
x—0 x—0" a*x

. . 1-a”+2xa™In
Replace x with 2x to get (= lim a_+cxa a
X0 4a2XX2

2
(l—aX +xa* Ina)(aX —xa* Ina+1)+x2azx(lna)

:ﬁ:)!i_[p 422%2
2 X xI 1
:M:(ma) +£“m(a xa*Ina+1)
4 4 x>0 a*
2
- _(Ina) WL
4 2
2
:M:(Ina)
2

(2a)" —xIn2a-1

Further r = lim f(x)= lim 5

x—0" x—0~ X

Replace x with 2x to get




. (2a)2X —2xIn2a-1
=r=Ilim 5
x—0" 4x

((Za)X —xIn 2a—1)((2a)x +xIn2a +1)+x2 (In2a)’

=r=Ilim 5
x—0" 4X
2
— =" lim ((Za)X +xIn 2a+1)+(|n 2a)
x—0"
2
e (In 2a) +£
4 2
2
e (In2a)
2

For f(x) to be continuous,

(=r=f(0)



Sol.

Sal.

Isit possibleto definef(0) to makethefunction continuousat x = 0. If yeswhat isthevaueof f(0), if not then

CONTINUITY & DIFFERENTIABILITY

EXERCISE 3
Incosx .
— if x>0
Y14x2 -1
Letf(x) = esin4x _
——if x<0
In(1+ tan 2x)
indicatethenature of discontinuity.
_ Ilm sin4x -1
LHLh=o= 13 /n(1+tan2x)
putx=0-h
—sin4x -1

e—sin4h
=lim

- lim———
x>0 (n(1—tan 2h)

f(0)=2

f(0')=-2

—1(—Sin4hj 4h 1
h-0 —sin4h 4h )’ /n(1-tan2h) (—tan 2h

(~tan2h) 2h

hencef(0) can not define.

Jar

and - f(07) & f(0*) arefinite hence there non-removabl etype disconti.

Let y, (x) = x>+

2 2 2
X X

+ + +—
1+x> (1+x°) (1+x*)""

Discussthe continuity of y, (X) (n € N) andy(x) atx =0

Yn(X) = X2+

2 X2 X2

+ ot
1+x* (1+x%)? (1+x*)™*

and 'y (x)=Limy,(x)



Yn(X) =x2 1
1+ x?
1 n
1_
{ (1+x2j}
—y2 L T
1+x%3-1
1+ x?

Y(¥) = (1 +x3) {1~ (1 +x)™

1-sinmx X < 1
1+cos2nx ’ 2
3 Letf(x) { P, X= % . Determinethevaueof p, if possible, sothat thefunctioniscontinuousat x =
Vaxl oy o1
Jardox-1-2’ 2
2.
so. VFLa=p e
LHL| 1 =Ilimf(x)
X7§ X‘)Ji
2
1-sinnx

_lim—
= H%— 1+ cos(2nx)

1
= ~-h
putx =3

1—§n(n—nh]
_ im—\2 )
h-0 1+ cos(rt — 2rth)

im 1-cosnh 1 n°h?
~ hool  (nth)? 1-cos(2rh) || 4x2n?

(2rth)?

LHL|, 1= (2
2

Nl



Sol.

RHL| _ 1= lim f(x)

> ol

lim

s

[ J2x-1 ]
Jary2x—1-2

V2x -1
(4+m 4}(\/4+ 2X-1+2)

RHL| 1=4

N

LHL|X=1 #* RHL|X=;
2 2

sothevaueof function cannot determine & thefunction isdiscontinuous.

Giventhefunctiong (x) = \/6— 2x andh(x)=2x2-3x+a. Then

g(x), x<1
(@ evauate h(g(2)) (L) If f(x)= { hx), X >1,find 'a sothat f iscontinuous.
() h(9(2) =
92 =6-4=12

h(x) =2x2-3x +a

h(v2) =4- 3J2+a Ans

. g(x) ; x<1
(”)f(x):{h(x) x> 1

) = 6-2x ;o x<1
()= 2x2-3x+a ; x>1

VF|_, =2 (D)

RH.L.| -, = IMf(x)

= I|m(2x —-3x+a)

x—1"

RHLL_;=a-1 ..(2)

L.H.L|-y = IMf(x)

=lim+/6-2x

x—=1

=2



sncefunctionisconti
L.H.Ley= RHLL- =VFl
2 =a-1=2

a-1=2=[a=3]

Letf(x)={1+x ’ OSXi.Daerminetheformof g(x) =f [f(x)] & hencefindthepaint of discontinuity of g

3-x , 2<x<
,if any.

1+x ; 0<x<2
f(x)=
3-X ; 2<Xx<3

A
3
,\3(+
1¢ e ¢
3
0 2 3

9() =f ()

1+f(x) ; 0<f(x)<2
T13-f(x) ; 2<f(x)<3

letf(x)=y

1+y ; 0<y<?2
f) = 3-y ; 2<y<3

\ 4

1+(1+x) ; 0<x<1
=11+(3-x) ; 2<x<3
3-(L+x) ; 1<x<2



\/

0 1 2 3
sothepoint of discontinuity
1,2Ans

Or

FV. =LHL=RHL

Let [x] denotethegresatest integer function & f(x) bedefined in aneighbourhood of 2 by

[x+1]
(exp{(x+2)¢n4}) 4 -16
f(x)= 416

1-cos(x—2)
A an(x=2)

,X<2
,X>2

Find thevaluesof A & f(2) inorder that f(x) may becontinuousat x = 2.

-h

: . 4242 16
— limf - lim2__— =
RHL| -, = an; (x) - LILT(] 424" 16
A(1-cos(x - 2)) 42
=lim = lim———
x-2" (X — 2).tan(x — 2) h>0 4 M_1
putx=2+h
_ -hi2 _
_ limAd=cosh) _im A= (Ch 1
h-0  htanh ol  h 2)(4"-1 h
) gl (5D

. 1-cosh 1 _ 111
_IJLTSA( h2 j(tanhj Bl 2 2



RHL|,_,=—

LHL], - ,= liMf(x)

(e(x+2)é‘n4) ~16 *

—lim-

X2 4" -16
(x+2) ([x]+1)
.4 4 -16
= lim———
-2 4°-16
X+2
47 e
= lim
-2 4°-16
putx=2-h
ih
42 -16
x-0 42" 16
tan6x
(g)tanSX
7 Thefunctionf(x) = b+2
gtanx|
(t+|cosx|). @

sncethefunctioniscontin.

VF,_,=RHL|,_,=LHL],_,

A1
V.E|_,= 575
1
VF|_==
|x72 2 Ans
Ans
O<x<Z
X=5

j if SX<T

Determinethevauesof 'a & 'b', if f iscontinuousat x = /2.

so. VF=pr2 L@

tan6x

LHL| . _”m(gj tan(3n — 6h) _im[ 8 “cotsh 4
tan(5n/2-5h)  h-o

. . 6 tansx
LHL| - _limf(xX)= lim (j
=2 Ty =\ 5
2 Xﬁz X—y =
i
=—-h
put X >
=3 Tho| §
RHL| = lim f(x)
2 T

x>(3)
2

3 “Btanx
_ lim (1-cosx) ®
- H(g

tan6h

5



T
=—+h
putx =
. . Eooth
= Ihlrro1(1+s‘|nh)b ; 1°form
Iim(sinh)%coth

= ehaO

sincethefunctionisconti so

LHL| ~=RHL| «=VF| -
1=e®P=p+2
a=0b=-1
—(g—sinl(l—{x}z)]sinl(l—{x})
Laf(X): \/é({x}—{x}s) ’ X#=0
g ;. Xx=0

where{x} isthefractional part of x. Consider another function g(x); suchthat
g(x)=f(x); x>0

= 2J2f(x); x<0
Discussthe continuity of thefunctionf(x) & g(x)atx =0.
RHL, o= 1 (9
(’2‘ —sin{(1-(x —[x]z)jsi n(1-x+[x])
lim

x—0" \/E(X—[X]_(X_[X])S)

(n—sinl(l—xz)jsinl(l— X)
lim 2

x—0" \/EX (1_ X2)

1M1 w2 -1
lim 205 (I-x%).sn"(1-x)

x-0' J2x.(1-x?)

L2
T 1im 08 @-x9)

2\/5 x—0" X

letcost (1-x2) =6




1-x2=cos0

x2=1-c0s0

X =4/1-cosO

whenx — 0*then0 — 0

im0
24/2 050 \/1—cosh

T ) e T .. 9
lim = _I'm ;
222050 \[2_singr2 400 |sinb/2]

_Tlimo[ 92 )_%
RHLL=0=Z6%0 <\ 5no/2) 2

limf(x)

x—0"

LHL, o

(’T —sin'(1-x —[x])zjsnl(l— x+[x])
lim 2

x—0" \/E(X—[X]_(X_[X])s)

S (s ()
S0 V2t (x1 1))

(“g ni(-x2 - 2x)jsin1(—x)
lim 2

x—0" \/E(X +1) (_X2 - 2X)

_ i SO (=X* —2x)sin(x)
Txo0 f2(x+1) (X2 +2X)

n—cos '(x*+2x) sin*x
= m *
-0 2(x+1) (X+2) X

T
LHLhoo= 1 75

for f(x) snceLHL|, _ ,# RHL|,_,sothefunctionisdiscontinuousat x = 0.
forg(x) =

RHL - o=1Img(x)



Sol.

= limf(x) = E

x—0"

LHL| o= 1M 2./2f (x)

x—0"

:&En@u@

_ZJ_AF 2

T
90)=10)= 5

If thefunction f (x) definedas f (x) = {

therangeof n.

2
—X—for X <0
f(x) =

x"sin=for x>0
X

f(x) iscontinuousat x =0
f(0)=0

L —|Imf(x)— lim %} =0

X—0"

1
L,=limf(x)=lim x"sin -

for continuous,

limf (x) = limf (x) = f (0)

1
[im x" sm( j 0
= X

x—>0"

limitisdefined only when
~.n>0
sncef(x) isnon-differentiableat x =0

—lim
h—0"

. f(h+0)-f(0)
o) =\im 2

2
X
-— for x<0

1
x"sin= for x>0
X

h2

-2 -0
—2——=Hm(j%
h h—0" 2

iscontinuousbut not derivableat x = 0thenfind



10

Sol.

Sal.

=1lim
h—0"

f'(0*)=lim

h—0*

hrein L

f (h+0)—f(0) sSny
h

f1(07) = '(07)

3,!!5”1 sm(h #0

onlywhenn-1<0
=>n<l L (i)
fromequation (i) & (ii)

ne (0,1]

. f(0)=0andf'(0) = 1. For apositiveinteger k, show that

1 X X 1 1 1
Lim={f(X)+f| =|[+....F| = | | = 1+=+=+..... —
x—>OX( ) (2) (kn Lottty

lim %{f(x)#[%}t ...... +f[§ﬂ

_lim F(x) f@

X0 + + ot
X X X
X
(1_,_0]_”0) f[k+0]—f(0)
_”mf(x+0)—f(0) lim —X 1 lim
T x>0 X +x»0 X Fot oo l
2 Kk

ax’-b if [x|<1

ey i

Iff(x) isderivableat x = 1. Find thevaluesof a& b.

ax’-b if|xk1l

f(x)=
—li if [x[>1

x|

f(x) isdifferentiableat x = 1, henceitisalso continuousat x =1

10



12

Sol.

lim f(x) =f(1)
- ¥

2_
_ r|1ir(T)]a(thl) b+1

oo i F(h+1)—f(2)
fw=lip

ah?+2ah+a—b+1

= lim
h—0"
2
_im @20 jim(ah+2a)=2a
h—0" h h—0"
f(h+1)—f (1) |h_11|+1
1 +\ — |i —_ — N +—
fan=lim=— =
-1+1+h 1
= i 1+h =Ilim——-=1
i T
f(1) =f'(1%)
=2a=1
a=1/2
b=23/2
ax(x-1)+b whenx <1
Thefunction f(x) = | x-1 whenl<x<3

px° +ox+2 whenx>3

Find the values of the constants a, b, p, q sothat
(i) f(x)iscontinuousfordlx (ii) f'(1)doesnotexist (iii) f'(x)iscontinuousatx =3

ax(Xx-D+b whenx<1
f(x)= x-1 when1<x <3

px>+0x+2  whenx>3
f(x) iscontinousat x =1

M () =f(1)
= limax (x-1)+b=0

= [b=0&acR]

11



ath+h(h+1-D+b

lim
. f(h+)-f(Q) h—0 h
(= lim—~——~~>=_*7 _
FO =30 h . h+1-1
lim
h—0* h

ALT a(h+1)
1

h—0" h

a(h+)h+0 {

. h
[im —
h

h—0"

_ a
1
+f'(1) =DNE=a=1

aeR-{1}&b=0
f(x)iscont.atx =3

lim f(x) =f(3)

X—3
=M (px?+9x +2) =2

=>9%9p+3qg+2=2
=9 +3g=0 (i)
-~ f'(x) iscont. at x =3, hencef(x) isdiff.atx =3

mM
f lim (I=f@ o
h—0 h lim p(h+3) +q(h+3)+2_2

h—0* h

IimD 1

| ph2+6ph+qh+9p+3q= lim
hl—gl h h—>0"

ph®+6ph+gh
h

[fromeguation (i) 9p+3q=0]

1 1
~|lim(ph+6p+a) = [6p+q

'3 =f'(3)=6p+q=0 (i)
solving equation (i) & (i) p=1/3,q=-1
aeR-{1},b=0,p=1/3,9g=-1

13 Discussthecontinuity on0<x <1 & differentiability at x =0 for thefunction.

12



f(X) =x.sin i.sin .
X xsin i

Sol.  f(x)=x.sin > .sin x#0, Urn

X.sin—
X
1

ﬂ@zOzf(EJ,rszsm.

f(h+0)—f(0)

)= im=——

(
hgn[1]5n B I
h

i

= Lim
h—0 h

-~
—

(1) . 1
hsm().sm
h

=Lim
h—0 h

(
. [1] . 1
= Limsin| —|.sn| ——
h—0 h ) 1
hsm(hj

_

(1 (1)
=Lim sin|—| sSinf ——
h0 h hsin(1/ h)
— —_—

1-< <1 1< <1

=DNE
sof(x) isnot differentiableat x =0

Limf(x) = Limxsin(l) .sin[_;]
X0 X0 X xsin(l/x)

wherex =0, xz1Urm& f(0)=f(1/rn)=0,

13



= Lim x .sin(1/x) .sin(.;]
00 S — nsin(1/x)
-1

=f(0)
( )
Iig:f(x):lir;xsin[%).sin @
( 11 )
= Lirpx.sin[—].sin Sm[xj

I
r.
3
>
0.
S
7\
X | =
——
[}
>
“\
_

=1(;7)
rn
HencefunctioniscontinuousV x € [0, 1]

I-x , (0<xZ1)

14 f(x)=| x+2 , (l<x<2) Discussthecontinuity & differentiability of y=f[f(x)] forO<x<4.

4-x , (2£x<£4)

1-x , (0<x<))
Sol. f(X)=|x+2 , (l<x<2)
4-x , (2£x<4)

14



1-f(x) ; 0<f(x)<1
ffx)=1f(x)+2 ; 1<f(x)<2
4-f(x) ; 2<f(X)<4

1-1-x ; 0<x<1 N 1<1-x<1=0<x<1
1-x-2 ; 1<x<2nNn0<x+2<1=>-2<x<-1
1-4+Xx ; 2<Xx<4Nn0<4-x<1=>3<x<4
1-x+2 ; 0<x<1nl<l-x<2=>-1<X<0

=iX+24+42 ; 1l<x<2nl<x+2<2=-1<x<0
4—X+2 ; 2<X<4Nl<d4x<2=2<x<3
4-1+X ; 0<x<1n2<1-x<4=-3<x<-1
4-x-2 ; 1<x<2nNn2<4=0<x<2
4—4+xX ; 2<X<4N2<4-X<4=0<x<2
X ;o 0<x<1

X-3 ; 3<x<4
-X+6 ; 2<x<3
—X+2 ; 1<x<?2

X o 0<x<1
—-X-2 : 1<x<?2
ffx) =4 x ; X=2

—-X+6 ; 2<x<3
Xx-3 ; 3<x<4

(2,4)\

yA (33)

A (2,2 /(4, 1)
1 2 5 4

.. f(x) iscontinuousat x =1 & discunt.
ax=2,3& nondiff.aax=1,2,3

15 Let f beafunctionthat isdifferentiable every whereand that hasthefollowing properties:
() f(x+h)y=f(x)-f(h) (i) f (x)>Oforall real x. @y f@0)=-1



Sal.

16

Sal.

Usethedefinition of derivativetofindf' (x) intermsof f(x).

f(x +h) =f(x) . f(h) E j 8 f(0) (f(0)- 1) =0 = f(0) = 1

f'(x)=lim

h—0

f(x+h)—f(x)
h

_ tim XM =) _ iy Lg_lf(x)

h—0 h h—0

—f'(X) :Liiﬂw f(x)
=£'(0) f(x)

= f(x) =—f(x)

- F(X) == F(x)

Discussthe continuity & thederivability of 'f' wheref (x) = degreeof (W¢+ u2+2u—3) at x =2,
f(x) = degreeof (U +u?+2u—3)ax =2
2 ; x <2
x° . x>2

f(h++/2)-f(~/2)
h

fr(yz)="Ltim

Limf(h+\/§)—f(\/§)

h—o* h

f(h++2)-f(~/2)
h

Lim

h—o~

2272

h—o"

h—o~ h

2t 2J2h+nh?-2
=9 hoo"

0

16



_{Ih_inj(h+2x/§)
0

P22 (2
Hancef(x) isnondifferentiableat x = J2
Limf (x) = Limx?
x—/2 X2
=2
-f(/2)

= f(/2)= Limf(x)

Hancef(x) isconfinousat X = J2

17 Let f (x) be a function defined on (-a, a) with a > 0. Assume that f (x) is continuous at x = 0 and
. f(x)-f(k
I;|_>ng M =a , wherek € (0, 1) then compute f' (0") and f ' (07), and comment upon the
differentiability of fatx =0.
S)I . . lew =Q

x—0 X

- I_imf(x)—f(0)+f(0)—(kx) Ly

X—0 X

- I_imf(x)—f(O)—f(kx)H‘(0) _q

X—0 X

_ Lim(f(x)—f(O) _f(kx)—f(O)) .,

X—0 X X

- (WO (0,

x—0 X x—0 kx

17



Lim ) =f©) (X);f(o) Lim R0=FO

x>0~ X—0" kx

Lim X =TO) i f0O-TO)
x—0" X X—0" kx

_[f(0)-kf'(0)=a
(0 -kf'(0") =0

_J@-Kf'0)=a
|@-Kf(0)=a

[V ass a

E

2 1(0)=1(0)=1(0"=3

=

18  Aderivablefunction f: R* — R satisfiesthe condition f (x) - f (y) = In(x/y) +x -y for every
X,y € R". If gdenotesthederivativeof f then computethevalueof thesum 1020 9(1) .

Sol.  f(X)=f(X)> In(xly) +x—y =
=f(X)-f(y)>/nx—/Iny+x-y

f(x)—f(y) g fnx—my+1
X-y —  X=Yy

[forx=Y]

lim 10Ot jipy L0 X210V
X—y X—y Ty X—-y

m(whj
o lim fEV -t S gim N Y /4

h—0 h — h-0 h

1/h

—f(y)> Img fnL1+§J +1

2
1 [ 2 . I
19 If y=x7+§X X2 +1+Imyx+vVx2+1 provethat 2y = xy' +Iny'. where' denotesthederivative.

2
[Sol. y= X?+%x X2 +1+InVx+Vx?+1

18



1| x2 \/2—} 1
oyt | VXL | ——
y=xs 2L}x2+1 T ok

1] 2x%+1 1
wxr E[\/XZHJ ¥ 2\/X2+1
1
=x+ T2 120¢+D)]
Yy =X+ x? 41
Also2y=x2+X,[x2 1 +In(X+ \[x2 1)
=X(X+ (x241)FIn(x+ x2,1) =xy'+Iny" Henceproved ]

dy _ 16t(1-t%)

20 If y=sec4xandx =tan(t), provethat =— .
Y ®.p dt  (1-6t>+t%)?

1 1+tan®2x
cos4x  1-tan®2x
using tanx =t (given)

[Sol. y= (1)

tan 2x =
1-t2

substituting in (1)

4t2
It 55 212 242
-t @+t’)? @+t
oA 1-t?)2-4t>  1-6t°+t*
(1-t%)?

dy  (1-6t°+1t*)-2(1+t%)-2t - (1+ t?)(4t° - 121)

dt (1-6t2 +t*)2
C A+ )[A-6P + ) -1+ )P -3)]  A@+tD)A-t?)  4td-t?)
- - (2 +1%?) To-6t2+tH?2 T @-6t2+1%)2
1+Int 3+ 2int 2
21 If Xx=—7%— andy= * . Show that y% = ZX(QJ +1.
t dx dx
o dx _t-(@+In)2t  t@-2-Int)  (1+2nt)
(ol 5 = t4 N t4 I
2
t| = |—(3+2Int
dy (t) (3+2int) _(@+2iny
dt t2 T ¢t?

dy 1+2Int 3

dx = t2 1+2int _

t

3+ 2Int

Now L.H.S. = A =3+2Int



22

[Sol.

23

[Sol.
@

(b)

2(1+Int
S.= (t2 ) 2+1=3+2In2

-  LHS.=RH.S]

X4 X5 X x3,x2
If y=1+ X%, + (X—x)(X—X,) + (X— X)X~ X ) (X—X;) +..... upto (n+1) termsthen provethat
d_yzx[ Lo X2 X L n
dx X |X;—=X X,—X Xz—X X, — X
addingterm by term
Xn
y:
(X—X1) (X=X5) (X=X3) ..(X —X,,)
y= X X X X
(x=x1)  (X=X3) (X=X3) (X=Xp)
InyzlnLHn X +In X F v +In X
(X=Xyq) (X=X3) (X=X3) (X=Xp)

X X=X, | (X=X%,)—X 1( X,
how D X-X,) X (x-x,)% ) = x{x,-x

Hence 1dy :1[L+L+....+ Xn }

y dx = X[ X=X Xp,—X Xp —X
X X X
Y_ Y| X o X o, X ]
dx X |X;—X Xy-—X X, —X

Supposef (x) =tan(sin"%(2x))
@ Find the domain and rangeof f.
(b) Expressf (x) asan algebaricfunction of x.

11 2x
(©  Findf' (1/4). [Ans. (a) (_E’Ej’ (oo, ) T )= 42 1@ le]

f(x) =tan(sin"(2x))
for f tobewd | defined

1<2x<1 1< <l o f -+1t uy t defined

- X = -5 <x<5 [ orx=%-,tan7; Isno ined]
o (_E 1)

Hence domainis 5

) I _r=z oz
forx e 55 s sn2x e 5" hencefor 5" cantakeadll real values.

Hencerangeof f isx e R
f(x)=tan® where sn'(2x)=0 = sin@=2x

— ¢ P
0T e =

20
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25

2
(1+ tan y)
v 2

If x:tanX—In
2 tan=
2

y

: 2t
Put tan=> =t sny=———,cosy=
2 y 1+t2 y

2+ 2t

l+siny+cosy=
y y 1+t?

ad y=2tan't
dy 2

dt  1+t?

Now x=t—2log(1+t)+logt

dx_, 2 .1 t?+1

dt Tet t t(t+1)

dy _dy dx_ 2 t?+t

ox dt ot 1+t2 1+t

dy 2t 12t42
o dx 1+t® 2 1+t?

dy 1
. Showthat — = <

ax 2

1-t2
1+t2

(1)
(2

by (2) & (3)

1. .
=5sin y(1+siny+cosy), by (1)

Ccos3X

cos® x

If y=arccos

Wehave,

y=cost COS3X
cos’® X

COS3X

cosy= cos® X

4c0S’ Xx—3cos X
cosy = o x

=  cosy=+/4-3sec’ X

dy 6

thenshowthat — = |——
dx COS2X + COAX

siny(l1+siny + cosy).

,Sinx>0.

21
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[Sol.

27

cos’ y = 4-3(1+tan” X)
1-cos’ y = 3tan® x

sin’ y = 3tan’ x

U

siny =+/3tanx
e - Y _ /3 eec?
Differentiating both sidewith respect tox, weget, COSy—— = /3 sec” x

dx
dy 3
dx cosycos® x

N y cos® X
dx cos’x \cos3x 1\ cosx cosBx

d
HenceProved & = [—— ,snx>0.
dx cost +cosAx

1SINX+asn2x+....... +gsinnx|<|sinx|forx e R,
then |a1+2a1+3a3+ ...... +ng |<1
Let f(x)=asnx+asn2x+..... +a sinnx
f'(X) =a, cosx +2a,00S2X +..... + Ng, CoS NX
f'(0)=a +2a,+....+n3
Hence TPT |f'(0)|<1
Given |f(X)|<|sinx|forxeR

. i F(h)—f(0)

ORI

f'(0)=hij;@ (asf (0)=0)

|f(0)|= Lim ()‘ < Lim ﬂh‘ﬂ [as|f (x) |<|sinx] ]

Hence [f'(0)|<1 ]

2
Show that the substitution z= In[tan 2) changesthe equation HJF cotx%+4y cosec’x =0
X

to (dy/dz2) + 4y = 0. ax®

S'nceXZI ntan(gj

—dz—cosecx —dx—sinx 1
ix or i (1)
Now Y- B cex W From (1 2
ow, i dz dx 4 [From (1)] (2

2
Mzi(dyj d(cosecxdyj
d<¢ dxldx) dx dz

22
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[Sol.

29

[Hint:

= cosec xi(ﬂ) +ﬂ(—cosec X cot X)

dx\dz) dz
= COSEC x-i 7 '%—cosec xcotxﬂ
dz\ dz ) dx dz
d’y dy
= C0SEC’X——-— COSEC X COt X—-
7 & [From(D)]  ...(3)
. d’y dy 2
—-+Cot X—+4ycosecx=0
Butgiven e i y
2
coseczx% — cosec X cot x? +cot xcosec x% +4ycosec’ x=0 [ From (2) and (3)]
z z z
o, d%y 2 d’y
= cosec’x—;-+4y cosec’x=0 or —+4y=0
dz dz
xe* Xx<0
Letf(x)= [ then provethat
X+x%2-x3 x>0
€) f iscontinuousand differentiablefor al x. (b) f "iscontinuousand differentiablefor al x.
xe* +e* =e*(x+1), x<0
fr(x)= [
1+ 2x —3x? x>0
Limf'(x) =1; Limf'(x) =1
x—0" x—0"

hencef (x) iscontinuoushencef iscontinuousand differentiableat x =0

_ e +(x+)e* =e"(x+2), x<0
Agan f"(x)= [
2—-6x x>0
Lim f"(x)=Lim f"(x) =2 = f'(x) isdsocontinuousand differentiable]
x—0* x—0"

a+x b+x c+x
Let f(X)=|/+x m+x n+x|. Showthat f""(x)=0 andthat f(x) =f(0) + kx where k denotesthe sum

p+x q+x Tr+x

of dl the co-factorsof theelementsin f(0).

1 1 1 a+x b+x c+Xx a+x b+x c+x
V(X)= /+X m+X n+x + 1 1 1 + /+X m+X n+x
p+x gq+X r+x p+x g+x r+x 1 1 1

f" (x)=0 (obvioudy — twoidentica rows)
f"xX)=k = f(x)=kx+x, f(0)=c
= f(x) =f(0) + kx . Notethat f' (x) =k
I 1 1 a b ¢ a b ¢
:>f’(0):k:fmn+lll+€mn
p q r p q r 1 1 1

11 T Cp+ Cig) +(Cyy F Cpy +Cpp) +(Cyy + Cgp + Czp)
sumof co-factorsof elementsf(0) ]

23
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28

Sal.

IfY =sX and Z =tX, whereall thelettersdenotesthefunctions of x and suffixes denotesthe differentiation

X Y s t
w.rt. xthenprovethat [X; Yy Z;|=Xx3 < tl
X2 YZ ZZ 2 2
SinceyY =sX and Z =tX (1)
Y, =sX,+ Xs and Z =tX, + Xt (2

= Y, =sX,+Xs,+25 X, and Z, =tX, + Xt, + 2t, X, ..(3)

X Y Z
LHS=(X, Y, Z
X2 Y2 Zz
X, X, + X X, + Xt [ From (1),(2) and (3)]

X, SX,+Xs,+25 X, tX,+Xt,+2t X,
Applying C, - C,-sC, and C, - C, -tC,
X 0 0
=X, Xs, Xt
X, Xs,+28X; Xt,+2tX,
Expand w.r.t. first row, then

x| % Xt
- Xs, +25 X, Xt +2t X,

— 3 sl t1
Xs, +25 X, Xt,+2t X,
. w2 S tl VA S tl _
Applying R, - R, —2X,R = X xs, x| % ls t) RH.S.

_ o . ax®+bx+c+e™
Afunctionf: R— Risdefinedas f(x) = lim Tr oo™

of a, band c.

. ax’+bx+c+e™
f(x)=lim o
n—o 1+ce

. ax®+bx+c+e™
lim ~ ;x<0
N—>c0 1+ce
. ax®+bx+c+e™

= <lim - x=0
n—>o0 1+ce
. ax®+bx+c+e™
lim — ;x>0
N0 1+ce

wherefis continuouson R. Findthevaue
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ax®’+bx+c+0

1+c0
= C_+1 : X=0
c+1

ax® bx ¢

X x>0

ax’+bx+c ; x<0O
= 1 ;. x=0

E x>0
c

sncef(x) iscontinuousfunctionV x € R

. limf(x) = limf(x) =1 (0)

(1 . .

— Ilm(—jzllm(ax2+bx+c)=1 = Iimgzl& lim(ax®+bx+c) =1
x—0"\ C x—0 x—=0" C x—0
1

:>E=l =a-0+30+c=1

c=1 =c=1

c=1,abeR

|4x = 5|[x] for x>1

[cosnx]  for x<1 ; where[x] isthegreatest integer not

Discussthecontinuity of fin[0,2] wheref(x) {
greater than x.

f(X) = cosmx
. _ 1
1 ; x=0 ) ’—\ 2l()
[cosnx] =90 ; X<x< 2 0 n/Z(R)\‘E

25



(4x-5) ; 1<x<—
|4x-5]; 1<x<2 A5 5_
— = = X — , —SX<KZ
|4x - 5| [X] 6 . x=2 2 <
6 ; X=2
3.
1 x =0
0 0<x£l
2 1
-1 %<xs1
f(x)= ]
—(4x-=5) ; 1l<x<-—
4
4x -5 ;§£x<2
4
6 X =2

functiondisat 0, O,% 1,2

30 Iff(x) =x+{-x} +[X] ,where[x] istheintegral part & {x} isthefractional part of x. Discussthe continuity of
fin[-2,2].

Sol.  f(x)=x+{-x}+[x]
v P =x=[x]
{-x}=-x-[x]
f(X)=x+(=x-[-x]+[x])

X=(x)=2x;x e |
00=0 -0 < g - (-1 = 1- 20 x & |

2X o Xel
f(x):{l—Z[x] : xel
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Sal.

-4 X=-2
5 ; -2<x<-1
-2 X=-1
3 ; -1<x<0
fx)=7 0 x=0
1 O<x<1
2 x=1
-1 ; l<x<2
4 X=2

so the function is discontinuous at all integers in [-2, 2].

ax—-b for x<1
Findthelocusof (g b) for whichthefunctionf (x)=| 3x for 1<x<2

iscontinuousat X = 1 but discontinuousat x = 2. bx%2—a for X > 2

contiatx =1

a-b=3 (1)

disatx=2 3 £

. #4b-a

6-4b-3-D 4 5

6=3b-3 /

523 (a b)=(6,3)

z (x,y) # (6,3) Ans

snx _ tanx

f(x)=i forx>0
tanx —sinx

_In@+x+x2)+In(@-x +x?)
SeCX —COSsX

forx <0, if fiscontinuousat x =0, find'a

now if g(x)=|n(2—§j - cot (x—a) for x = a a=0,a>0.If giscontinuousat x = athen show that
a

glet) =-e.
Sincethefunctionisconti at x = 0then
V.E| - o=RHL|,_o=LHL] _4 sincethefunctionisconti then
RHLI, o= lImf(x) f(0) = LHL|,_q=RHL|,_o
] asinx _atanx
= lim——— -/na=1

x=>0" tan X —SinX

27



atanX(asinx—tanx _1)
= lim :
x-0" —1(sinX —tanx)

|RHL |,_,=—¢nal

limf (x)

x—0"

LHL, o

lim ML+ X +x2)+n(l—x+x2)
x-0" SECX — COSX

lim n((1+ X+ x?) (1—x +x?)).cosx

Xx—0" 1-cos2x

putx=0-h

__/n(1+h*+h*)cosh
= lim —
h—0 sin“h

cosh

T 2 4
= lim(h” +h*) =

2
_ Iim(_L) (1+h?)cosh
h-0\ sinh

: x*-1
33 Findthevaueof '—'"Ix( ).
x—0

[Sol. 1=Limx® (00 form)
x—0

xinx
InI:LirQ(xX -DInx = Limitie—l) Limit xInx .Inx
X—

x—0 XIinXx x—0

—Limit x(Inx)?

0 (asx—>0xInx—0)

2
—Limit N7 _ i - 210X
x=0 1/X x—0

X (use Lopital’s rule)

= Limit -2Inx.x =0 = [=ef=1

x—0

sinceg(x) conti atx =a

g(a) =limg(x)

X—a

fn(Z—Xj
_ lim— &/

x>a tan(X —a)

= Iimfn(Z—ijcot(x—a)
a

putx=a+h

j tan( j

ZhHO(h a
a

1
9@ =~

[Ans. 1]
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Sol.

-, ) {5

0 (f +t L)—(
Limig M\f)+tan 5

f(x) + tan ZL“

j cr,neN

|

sin (tan %)

909 ="5%

=k for x=— and thedomain of g(x) is(0, /2).

4

where[ ] denotesthe greatest integer function.

1+ (f(x) + tan

X

2n

Findthevalueof k, if possble, sothat g(x) iscontinuousat x = /4. Al o state the points of discontinuity of g

(X)in (0, /4) ,if any.

: sin[ x-=% SINX COS > — CosX Sin~
sinx/2 2) _ 2

tan - secx = =

X X
tan=sec X = tanx — tan—
2 2

tan =5 . SEC~ = tan——tan—-
Aoz S T TR

X X X X

X X X X
tan—n.%c nilztan?—tan—n
2 2 2 2

—tan x—tan| X
f(x) =tan x tan(znj
f(x) + tan(%} =tanx

usng (1)

lim

X X
COSE .COSX COSE .COSX

(1)

/n(tanx) — (tanx)" {si n(tan ;ﬂ

g(x) =9 1+ (tanx)"

k

X
COSE .COSX

— tanx —tan>
2
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Sal.

/n(tanx) T
-_ X X¢_
h>x 1+ (tanx)n 4
9(x) = i
k D X=—
4
k=0
0 ; xx1
limx" =<1 =1
o0 Xx>1
0o ; x <X
4
limitanx)"=1 ; x="1
n—w 4
T
0, X>—
4

Letf becontinuousontheinterval [0, 1] to R suchthat f (0) =f (1). Provethat thereexistsapoint cin [O, ﬂ

1
suchthat f (¢) =f (c+ Ej

Consder aconti function

g(x) =f(x+%j—f(x) - gisconti V X e [Oﬂ

Now

1 1
g(0)=f(§ ~f0)= 9(0) =1 5 | -f()

g@ o(1) - 1 @ = g(0)=(D) - f [%j

sincegiscontinuousand g(0) and Q(E
. 1
oneroot m[o,ﬂ .

.. forsomec e [Oﬂ ;g(c)=0

3

areof oppositesign hencethe equation g(x) = 0 must have at least

30



1) _
= f(c+zj =f(c)

1-a* +xa*/na

— ; Xx<0
Consider thefunction g(x) = ax
2*a* —x/n2-xfna-1
v x>0

wherea> 0, find thevaueof 'a & 'g(0)' so that thefunction g(x) iscontinuousat x = 0.

. /n2a)’
LHL],- o= )I(Il’g g(x) RHL|X:0 - ( - )

lim 1-a* + xa*/na _ o )
=Mz sncethefunctionisconti
putx=a-h 9(0) = LHL|,.o=RHL|
Ciml a"—ha"/na (/n(2a))> _ (/na)?
= x50 a "h? 2 )

. (a"-1-h¢na) 0
= lim =~ on ,aform (/n2a+ /na) (/n 2a—(na) =0

im a'/na—-0-/na) 0
=M =55 [pAns /m(2ad). m2=0

__(a"(¢na)?
= ',jgg(T n2a?=0

(¢na)® 1
LHL |,_,= 2a2=1,a=i—2 ;a>0
2
. 1
RHL}-o= lima(x) 2
. [ 2*a" =x/n2—x/na-1 (¢n2a)*
=1L’13( % J L=
2
1 1
pUtX:0+h = E(ﬂnzﬁj

= lim
h—0

(2a)" —hn2—htna-1).0
2 ,aform

%(fn@z
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Sol

11
m(2a) /n2a—(na2 Oform — _(_(gnz)zj
h 0 2h 0 2\4

= lim
h—0

(2a)"(/n2a)? _ E(£n2)2
2 8

A function f:R — R satisfiestheequation f(x +y)=f(x). f(y) forall x,yinRand
f(x) =0 for any x in R. Let the function the differentiableat x — ¢ and '(0) =
Show that f'(x)=2f(x) for all x in R. Hence determine f(x).

Giventhat f(x +y)=1f(x).f(y) foral x e R ..(1)

Putting x =y =0 in (1), weget

£(0){f(0)-1}=0 = f(0)=0 orf(0)=1

If £(0)=0, then f(x)=1f(x+0)=1(x).f(0)=0 forall x cR

Whichisnot true (given f(x)#0)

So, f(0)=
f’(x)zyg})f(x+h}3—f(x)
_ i T () ~ £(x)
h—0 h
zf(x)mf(hz_l
=f(x)£133f(xg:(f)(o) ( £(0)=1)
= f(x)f'(0) = 2f(x) (- 1'(0)=2)
L)
)~

Integrating both sidesw.r.t.x and taking limit 0 to x

IXf( )dx Ide

° f(x)
= lnf(x)—ln f(0)=2x = 1nf(x)—h11=2x
= In f(x) -0=2x f(x) =e”.

Let f beafunction such that f(x +f(y))=f(f(x))+f(y) Vx,yeR and f(h)=h for

0 <h < ¢ where ¢ > 0, then determine f'(x) and f(x).

Given f(x +f(y)) = f(f(x)+f(y)) (1)

32



Putting x =y =0 in (1), then

£(0+£(0)) = f(£(0))+£(0) = f(f(0))=£(£(0))+£(0)

f(0)=0 .-(2)
Now f'(@:}gW (for0 <h<e)
i f(h+xh)_f(x)
- ) (om (1)
= lim f(;‘) (- f(h)=h)
_m%_l (- f(h)=h)

Integrating both sideswith limites0to x then f(x) =x
f'(x)zl.

f() -2, -3<x<0

X)=

39 Le x-2 , 0<x<3

g(x) intheinterval (-3,3).
Sol From the given function

,where g(x) = f(|x]) +|f(x)|- Test the differentiability of

b

2 for -3<x<0

f(jx[) = X2 for S=xs0Jf(x)[=1-x+2 for 0<x<2
x-2 for 0<x<3 =2 for 2<x<3

g(x) = f(jx[) +|f(x)|

—X for -3<x<0
= 0 for 0<x<2
2x—4 for 2<x<3

Check thedifferentiability
At

x=0: Lg'(0)=1lim




Lg'(0)=Rg'(0)

X:2 Lgv(z):hhn%g(Z—hil_g(z)
= mﬂzo
h—>0 —h
and Rg'(Z)zlimg(2+h)_g(2)
h—0 h
. 2(2+h)—4—0
=lim =2
h—0 h

Lg'(2) = Rg'(2)
Hence g(x) isnot differentiableat x = 2.
Graphical method :

-2 ; -3<x<0
)~ |
x—2 ; 0<x<£3
Graph of f(x) :
AY
T :
I 1 l i :‘X
=3 =2 -l 3
Graph of (|x]) :
ANY

Graph of |f(x)| :
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41

ANY
; 2
T :
i_3 L >
Ti1
Graph of g(x) = |f(x)[+f([x]) :
J\Y
2

B TR T ]

i T /
i 1 | [l i Y
I2 | ke

Itisclear from the graph that g(x) isnot differentiableat x =0 and 2.

Let f: R —» R isareal valued function V x,y € R such that |f(x)—f(y)| S|x—y|3.

Provethat h(x) = ff(x)dx iscontinuousfunctionof x Vv x eR.

Since |f(x)—f(y)| S|x—y|3 X#Y
f(x)-1f(y) < |x _ y|2
X-y
Takinglimas y = x, weget
li f(x)— f(y) <lim|[x —y|2
y—Xx X_y y—Xx
= lim f(x —f(y) < lim(x—y)z‘
y—oX X—-y y—oX
= |f'(x)|£0 = |f’(x)|=0 ('.'|f‘(x)|20)

= f(x) = ¢ (constant)

(x)=0
h(x)zjf(x)dx=jc dx=cx+d wheredisconstant of integration.
(x)

Let f( J: f(X);f(y) for all real x andy. If f'(0) existsand equals —1 and f(0)=1,
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Sol  Since f(

thenfind (2).

<) M)

2 2 (1)

- s h)—1(x) f(2xz2h)_f(2x2+0j

h—0 h h—0 h

f(2x)+f(2h) f(2x)+£(0)

= lim 2 - 2 [ from (1) ]
e
=1'(0)
=-1 V xeR (given)
Integrating, we get f(x)=—-x+c
Putting x = 0, then f(0)=0+c=1 (given)
c=1 then f(x)=1-x f(2)=1-2=-1

Graphical method :
Suppose A(x,f(x)) and B(y.f(y)) be any two points on the curve y = f(x).

AY
0 M, L M
| . | x+y f(x)+f(y)
If M isthe mid-point of AB then co-ordinates of M are 5 >

i i X+y x+y
According to the graph, co-ordinates of P are T’f 5 and pL > ML

L))

2 2

f(x)+f
X;yj= (x)+f(y) whichispossiblewhen p — M

' f
But given ( >
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Sol

i.e. Pliesson AB. Hence y = f(x) must bealinear function.

Let f(x)=ax+b =  f(0)=0+b=1 (given)
and f'(x)=a = f(0)=a=-1 (given)
f(x)z—x+1 f(2)=—2+1 =-1.

Let f(Xerj: f(x) +f(y) V x,yeR;n#0,2 andif £'(0)=k (A finite quantity) then
n n

provethat f(x)=kx V xeR.

e {22 A0

(1)

Putting x =y =0, weget (n—2)f(0)=0

f(0)=0 (" n-2%0)
- f(x+h)_f(x):hm f(nxznhj‘f(nx;oj
h—>0 h h—0 h

Cfm__n n [ from (1) ]
h—0 h

o f(nh)=1(0)
>0 nh-0

=  f(x)=k
Onintegrating we get f(x)=kx+c
Putting x = 0, then f(0)=0+c =0 (- £(0)=0)

¢ =0 then f(x)=kx.

2+f f
If f(xgyj= . (X3?+ ) forall real x andy and f'(2) =2 then determine y = f(x).

f(x +yj 2+ f(x)+1(y)

3 3 (1)

Differentiating both sidesw.r.t. X treating y as constant,

o f(mj(lj _2+4£(x)+0

3 3 3
Now replacing x by 0 and y by 3x, then

f(x)=f(0)=c  (say)
At x =2, f'(2)=c=2 (given)
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Onintegrating we get f(x)=2x+d
Putting x = 0, then f(0)=0+d =2 [ from (1) ]
f(x) =2x+2

Hence y = 2x + 2.

fl 2f
44 If f(XJrzyj: (x) + 2£(y) V x,yeR and f'(0)=1; provethat f(x) iscontinuous for

3 3
al x eR.

o {E2)-00)

Differentiating both sidesw.r.t. x treating y as constant

f'(x+2yj.l_ f'(X)+0
3

3 3
) 3x
and replacing x by 0 and y by X

then f'(x)=1(0)=1 (given)

Onintegrating, we get

f(x) =x+d,d isconstant of integration which islinear functionin x and henceitis
always continuousfunction for al x.

f
45 If f(x)+f(y)=f[1x+yj foral x,y eR and xy =1 and lin%%=2, find £(v3) and
_Xy X—>

£(-2).

Sol  Given f(x)+1f(y)= f( Xty j

1 —xy
Putting x =0,y = 0, we get f(0)=0 ..(1)
And putting y = —x, we get f(x)+f(—x)=£(0)=0
f(x) = —f(—x) .(2)
() =g SOCHR)—(x)
Now f(x) =lim :
— tim f(x+h)+f(—x)
h—0 h
¢ h
) (1 +X(x+h)] 1
h—0 h 1+x(x+h)
1+X(x+h)
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_y. [ ygé@:zJ

1+x’
_ 2
1+x’
f(x)=2tan" x+c or f(0)=2tan”" 0+c=0
= 0=0+c c=0

then f(x) =2tan' x

D tan _2n f'(-2)= =
f(\/g)—Ztanl(\/g)—? and (-2) 1+(_2)2
Let f(x+y)=f(x)+f(y)+2xy—1 forall x,y eR. If f(x) isdifferentiableand {'(0) =sin¢
then provethat f(x)>0 V xeR.

Given f(X+y)=f(X)+f(y)+2xy—1 V x,yeR ..(1)
Putting x =y =0 in (1), weget

=lim —f(h) - + lim (@)
h—0 h h—0\ h

= hmMJrlim(b()

h—0 h h—0
=1(0)+2x
= sin ¢ + 2x (- £(0) =sin¢)
Integrating both sidesw.r.t. x and taking limit O to x, then
[ £(x)dx = (sing+2x)dx
= f(x)—f(0) = xsin ¢ +x*
= f(x)=x>+xsin¢+1 (- £(0)=1)
Here coefficient of 42 is 1> o and Discriminant
D=sin¢-4<0.

Henceitisclear fromgraph f(x)>0 V xeR.
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Let f be aone-one function such that f(x)f(y)+2=f(x)+f(y)+f(xy) ¥V x,yeR~ {0}

and f(0)=1,f'(1) =2 then provethat 3J.f(x)dx—x(f(x)+2) is constant.
We have f(x)f(y)+2 =f(x)+f(y)+f(xy) (1)
Putting x =1 and y =1, we get
(£(1)) +2=31£(1)
f(1)=1,2 = f(1)=2 ..(2)

f(1)=1 (- f(0)=1 andf isone-onefunction)
1
In (1), replacing y by <

f(x)f@u . f(x)+f[l)+f(1)
J

X

= f'(x) = +nx"" = f'(1)=+n=2
Taking positivesign  — n=2 then f(x)=1+x
Now, 3[f(x)dx—x(f(x)+2)

=3j(1+x2)dx—x(l+xz+2)

3
=3(X+X?J+C—3X—X3

= C = constant.

If e™f(xy)=e™f(x)+ef(y) ¥V x,yeR", and f'(1)=e, determine f(x).
Given e ™f(xy) =e ™ f(x)+ef(y) (1)
Putting x =y =1 in (1) we get f(1)=0 ..(2)

Now, f'(x) = ﬁmw

h—0 h
f(x(l+hD—f(x-l)
. X
=lim
h—0 h
x+h -X 717& h X -X -1
e Jef(x)+e M 1+—|r—e (e f(x)+e f(l))
X
=lim
h—0 h
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= f(x)+——= (- 1(1)=¢)

(x)=1(x)+ S S ()=
= ;—X(exf(x)) =§

Onintegratingwe have e *f(x)=In x+¢ at x =1,c =0
f(x)=¢*In x.
Let f:R — R, suchthat f'(0)=1
and f(x+y)=1f(x)+f(y)+e*” (x+y)—xe* —ye’ +2xy V x,y €R then determine f(x).
Given f(x +y)=f(x)+f(y)+e*” (x +y)—xe* —ye’ +2xy ..(1)
Putting x =y =0, we get f(0)=0 ..(2)

Now, f'(X) = ﬁmw

h—0 h

f(x) + f(h)+ exh (x +h)—xeX —he" +2xh - f(x)

h—0 h

f(h)+xe* (e" —1)+he*" —he" +2xh

=lim
h—0 h
"1
=1irn{@+xexu+e’”h —eh +2x}
h—0 h h

=£'(0)+xe*.1+e* —1+2x

=l+xe*+e*+2x-1

=xe* +e* +2x
Integrating both sidesw.r.t. x with limit O to x

f(x)—f(O) =xe*—e* +e* +x°

f(x)—O =xe* +x°
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Hence f(x) =x* +xe*
Let f(xy)=xf(y)+yf(x) foral x,y eR, and f(x) bedifferentiablein (0,c) then
determine f(x).

Given f(xy) = xf(y) + yf(x)
Differentiating both sidesw.r.t. X treating y as constant,

f'(xy).y =f(y)+yf'(x)
Putting y=x and x — 1, then f'(x).x = f(x)+xf'(1)

xf'(x) - f(x) _ f(1) N i(@j £(1)

x? X dx| x X

=

Integrating both sidesw.r.t. x taking limit 1 to x,

M—ﬂzf'(l){ln x—In1}

X 1

)y« (~f(1)=0)

X

Hence, f(x) = f'(l)(x In x).

Let f(xy)=f(x)f(y) ¥V x,yeR andfisdifferentiableat x —1 suchthat f'(1)=1 also
f(1)# 0 then show that f isdifferentiablefor all x » (. Hence, determine f(x).
Given f(xy) = f(x)f(y)

Putting x =y =1 then we get f(1)=1.
Differentiating both sidesw.r.t. x treating y as constant,

f'(xy).y = f'(x)f(y)
Replacingy by x and x by 1, then

f'(x).x = f’(l)f(x)

L - ) (o))
L P
f(x) X

Integrating both sidesw.r.t. x and taking limit 1 to x, then

J-xf'(x)dX:J-xldX

! f(x) I x
=  Inf(x)-hf(l)=lhx-Inl (- f(1)=1)
= lnf(x)—Ozlnx—O f(x)zx.

If 2f(X)=f(XY)+f(§} foral x,y e R, f(1)=0 and f'(1)=1, thenfind f(e) and f'(2).



Sol

Sal

Given 21(x) = f(xy)+ )
Replacing x by y andy by x in (1), then
2f(y) = f(xy) + f[z)
Subtract (2) from (1), we get
2{f(x)~£(y)} = f(%] - f(%j
Putting x — 1 in (1) then 2f(1)=f(Y)+ij=0 (~ f(1)=0)
)
f(y)=—f] o f] =—f]
=) (23
Now from (3) and (4), we get
2{f(x)~f(y)} = zf@
f(x)—f(y)=1] =
o ()-r)=1{%)
Now, f'(x) =111i£1%f(x+h}3_f(x)
f(1+hj
=lim X
h—0 h
f(1+h) i !
_hhi% 0 _;f'(l)_;
! _l ! —l
f(x)_X = f(2)_2
and f(x)=Inx+Inc for x=1, and f(I)=In1+Inc
= 0=0+Inc Inc=0
then f(x)z]nx f(e)zlnezl.

Cp(x)=a,+a,x+a,x* +...+ax". If |p(x)|§

|a, +232+...+nan|£1.
Given p(x)=a, +a,x+a,x’ +...+a,x"
p'(x)=0+a, +2a,x+...+na x""

=  p'(l)=a,+2a,+...+na,

e™! —1‘ forall x >0, provethat

(1)

(2)

..(3)

.(4)

...(5)

[ From (5) ]
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Now, [p(1)[<|e"™" ~1]

=|e°—1|=|1—1|=0

= |p()<s0 = p(1)=0 ('.'|p(1)|20)
As - fp(x)f<ler -]
weget [p(1+h)[<|e" 1| vh>-1,h=0
= [p(1+h)-p(1)|<|e" -1 (~p(1)=0)
e -p()] |-

o T

Takinglimitas h — 0, then

. h
= mp(1+h) p(l)ﬁlime —1
h—0 h h—0| h
= ]jmp(1+h)_p(1) Slimeh_l
h—0 h h—0 |
= |p(1)=1
=  |a,+2a,+...+na <1 [ from (1) ]

Let f(%jzw for all real x andy. If f(1)=1"(1), show that f(x)+f(1-x)=

constant, for all non-zero real x.

{ﬁ} _f)fly)

Given > >
Replacing x by 2x and y by 1, we get

2f(x) = f(2x)f(1) (1)
and,

—|= = 0
2 2 17 (2
now,
f'(x) i f(x+h)—f(x)
h—0 h
f(zx +2hj_f(x)
. 2
= lim
h—0 h
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f(2x)f(1+l;)
i : : —f(x) [ from (2) ]
f(2x)f(l + z) —2f(x)
= im 2h
| f(ZX)f(lJr};j—f(zX)f(l) [ from (1) ]
= i 2h
) f(zx)lim f(l +};]—f(1)
2 ho0 X‘E
_ f(2x).f,(1)
2x
)= o=
_fx)_1
f(x) X

Integrating both sidesw.r.t. x, we get
In f(x) =lnx+Inc

= f(x)=cx (cisconstant>0)

f(x)+f(1-x)=cx+c(l—x)=cx+c—cx =c = constant.

Let f(x)=x’—x>+x+1 and g(x)zmax{f(t):OSth},OSxSl=3—x,1 <x <2.
Discussthe continuity and differentiability of thefunction g(x) intheinterval (0,2).
Given f(x)zx3 -x*+x+1

f'(x) =3x*-2x+1

f(x) isstrictly increasingin (0,2)

maximum valueof f(t) in g <t<x is f(x)
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f(x) , 0<x<1

£(x)-1

3—-x , 1<x<Z£2
B X’ —x"+x+1 , 0<x<1
3-x , 1<x<£2

Clearly, g(x) iscontinuousfor all x €(0,2) and differentiableat all pointsin this
interval except x = 1.

min f(t):OSth , 0<x<6

<18 . x>6 , then draw the

Let f(x)zx3 -9x”+15x+6, and g(x)z{

graph of g(x) and discussthe continuity and differentiability of g(x).
f(x)=x"-9x* +15x +6,
f(x)=3x* —18x+15 =3(x* —6x+5)=3(x~1)(x-5)
If f'(x) >0 then x e (—0,1)U(5,)
andif f'(x)<0 then x €(1,5) + \x / o+
°\ "

e

Hence f(x) isincreasingin

(—o0,1)U(5,0) and decreasing in (1,5).

Now, f(x)=6 = X -9x’+15x+6=6

= x*+9x*+15x =0 = x(x2—9x+15)=0
9++21

= x =0, 5

9-21 ( 9+V21 9-21 j
X # R >6

2 2



6 : 03x<9_‘/H
2
g(x)z x*—9x* +15x+6 9_;/ﬁSXS6
x—18 , X>6
Graphof g(x) :
L g
A

Clearly g(x) iscontinuousin [0,0) and differentiableat all pointsin thisinterval

9—-+21
other than ;/_ and 6.
bsinl(x_wj , —l<x<0
2 2
57 Let f(x)= % . x=0 ,If f(x) isdifferentiableat x = 0. Find the
ax/2_
© ! , 0<x<l
X 2

value of aalso provethat 64b> =4 —¢?.

ah

e2 -1 1

Sal

RF(0) = fim f(0+h)—1(0)

h—0 h B h—0 h

ah
2
h

h—0

a 1
at h —» 0 numerator must be = 0, then 5.1 —Ezo
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e -1 _1 2[e2—1]—h
(1)

Nt h 2 . ~
Rf(O)—}lIL% _ngé 2h? _P(Say)
h
2(ez—lj—h
P =lim 5
h—0 2h
_h
2(6 2 —1j+h
Replacing h by -h then p _ |iy, (2)
h—0 2h?
h b h
. e24+e2-2 . e"—2e2+1
Adding (1) and (2) then 2P =lim 7 =lim -
h’e?
2
h
2 _
h—0 E u 4
B 4e
P—l = Rf'(o)—l 3
bsin‘(_h+cj—l
f(0—h)-£(0
Lf'(0) = lim (0-h)=0) _ 2 2
h—0 —h h—0 —h

Now, at h —s 0 numerator must pe =0

bsin™ (EJ—— =0
2 2

L:O) - blim [ 2th— sin(£)
{H (<) ]
bhmsinl{(czh) (1‘042}—; (l(czhn}
N AE)
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R e

= 64b> =4 —¢’
Let o e R, Provethat afunction f: R — R isdifferentiableat x = if and only if there
isafunction g: R — R whichiscontinuousat o and satisfies f(x)—f(o)=g(x)(x—a)

forall ¢ eR.
Let f: R —» R bedifferentiableat x = o € R, then

lim fx) = fla) f'(a)

o (x—o) - exists and finite.

i.e.  Lf(a)=Rf(a)="f(a)

= limi = lim
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Again f'(a) = lim —f(x) - f()a)

S (x—a
=lim g(x) =g (o)

X—0o

From (1) and (2), we get Xlijgfg(x) = lim g(x)=g(a)

X—o+

LHL=RH.L=VF.
= g(x) iscontinuousfunctionat x = o € R.

Let g(x)=0if .e<x<1

= {1 +§Sln(ln in)} |f 1<x< e.
where{} denotesthe fractional part function and

f(x) = Xg(x) for g(X) =1 +%sin(ln xz")
=x(g(x)+1) otherwise
Discussthe continuity and differentiability of f(x) over itsdomain.
Given g(x) = {1 +§sin(ln x“)} forl1<x<e
=0for-e<x<l1

ie, g(x)=1 +%sin(ln x“)—[l +%sin(h1 x“)}

:ésin(ln XZ“)—[ésin(ln in)},l <x<e

=0,-e<x<1
where[.] denotesthe greatest integer function.
consider : 1<x<e
= (1)7<x"<e™ =  h(1)<h(x’")<h(e’)

= OSln(xz")S%t

Casel : If 0<in(x™) <7 i.e. | <x <o then 0<sin(In(x*))<1

= 0< %sin(ln (X“)) < % [% sin (ln(xh ))} =0
g(x):%sin(lnxz“) for  1<x<+e

Casell : If t<In(x’*)<2mi.e, Jo<x<e then —1sSin(1n(x2“))<o

= —% < %sin(]n(x“)) <0 [% sin(ln(x“))} =-1
g(x):l+§sin(ln(x2“)) for e <x<e
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Caselll:  If In(x™)=2n -
Combining all cases, we get

f(x) = x(l +%sin(ln(x“))}

=X

for\/g<x<e

fOI'lSXS\/g

for—e<x<l1

forx=¢e

forl<x<e

fisdifferentiablein (—e,1) and (1,¢)

Check the differentiable of f(x) at x =1.

Lo(1) = i T =)

h—0 —h
:ﬁm(l—h)—l i
h—0 —h

ad RE(1)=lim PRI

h—0 h

(1+h)-[1+;sin(ln(l

+h)2“)j—1

= lim
h—0 h
b U +h)sin(1n(1 +n))
Cfm 3
h—>0 h

(1+h) sin(In (1+h)"")

=1+lim
h—0 3 h—0 h

=1+ljm(1+h) - sin{2n1n(1+h)}'2nln(1+h)
0 3 h-0 2mln(1+h) h

Thusf isnot differentiableat x =1
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Hencef is continuous and differentiablefor all x ¢ domain of except not
differentiableat x — 1.

Supposethat f and g are non-constant differentiable real valued functionson R.

If for every x,y e R, f(x +y) =1f(x)f(y)—g(x)g(y), g(x+y)=g(x)f(y)+f(x)g(y) and

f'(0)=0 then prove that {f(x)}2 +{g(x)}2 =1 V xeR.

f(x+h)—f(x) _]jmf(x+h)—f(x+0)

We have f'(x) = lim

h—0 h b0 h

() )£ ()}~ [10) - £(x)2(0)

h—0 h

() -0) | s(s)(e()-(0)

b0 (h-0) h—0 (h-0)

1) 0(0)-£(x)e (0)

=0-g(x)g'(0) (~1(0)=0)

f'(x)=-g(x)e'(0) (1)

ad  g'(x) Ll_)Oz%’(erhg—g(x):Ei%g(x+h)l—lg(x+0)

:Hm{g(x)f(h)+f(x)g(h)}—{g(x)f(0)+f(x)g(0)}

h—0 h

s O )00

- 4()P(0) +1(x)e(0)

=0+f(x)g'(0) (- £(0)=0)

=f(x)g'(0) (2)

Multiplying (1) by f(x) and (2) by g(x) and adding we get
f(x)f'(x) + g(x)g'(x) =0

or 2f(x)f'(x) +2g(x)g'(x) =0 onintegrating we get

{f(x)}2 +{g(x)}2 =c . (3)

Putting x = 0,y = 0 inthegiven equation then

f(0)={f(0)} ~{g(0))" ad  g(0)=2f(0)g(0)
or  g(0){2f(0)-1}=0 or  g(0)=0 or f(0)=—
If £(0)=0,then £(0) = (£(0))" ~0 or £(0) =1

and for £(0) = %% = GJZ —(g(o))2
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= (g(O))2 =—% (Impossible)

Hence £(0)=1 and g(0)=0 from (3), {f(0)}" +{g(0)}" =¢
= 1+0=c c=1

Hence {f(x)}2 +{g(x)}2 =1.

61  Let f(x) beareal valued function not identically zero such that
f(x+y")=f(x)+{f(y)}" ;¥ x,y €R (wherenisodd natural number > 1) and f'(0)> 0.
Find out the values of f'(10) and f(5).

Sol  Giventhat f(x+y")=f(x)+(f(y))

Puttingx =y =0 = f(0)=0
f'(O)ZLiE% f(0+h}3—f(0)
_ i f(h)=0
h—0 h
=hﬁ£%$=l(say) ..(2)
Also,
(0)= im f(0+h}3—f(0)
flo+(n'")" )|-£(0
i L )-t(0)
f 1/n
. (0 +{f(h )} £(0)
h—0 h
_ .m{f(hl/n)}
h—o0 hl/n
=\" [ from(1)]
From (1) and (2), ) ="
A=-1,0,1 (- nisodd and A eR)
(0)>0 (v h=-1)
£(0)=0,1

Agan f'(x) =Hmw

h—0
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[Sol.

@)

@

= lim h
. £(x) +(f(n"" )) fi(x)
h—0 h

. f(n!/n "
:}I‘E{%J ="

For % =0,(x)=0

Onintergrating we get f(x)=c

At x=0,f(0)=c=0 (- £(0)=0)
f(x)=0

whichisimpossible asf(x) isnot identically zero, i.e., f(x)#0

andfor ), =1 f'(x)=1
Onintergrating w.r.t. x and taking limit O to x,

then .[Oxf'(x)dx =_[Ox1.dx
= f(x)-f(0)=x = f(x)-(0)=x (- f(0)=0)

Hence f(x)=x and f'(x)=1 f'(10)=1 and f(5)=5.

(@ )!‘_')gl F(x) (b) LimF(x) () Xli[nw F(x) [Ans (a) al-a2...al"; (b)a; () a]

X—>00

Lim F(X) = Lim(paX +p,a +......+p,a" )]/X (1= form)
x—0"

x—0*
. +pas et pal—1 0
=€ where |= I;Lrgplal P2% ” Prh [6)
using L'Hospitd'sRule

H X X X
| = I;I_)rg(pllnala1 +p,Ina,as +....... +pnlnanan)

L= Limln(plai‘+p2a§+ ....... +pnaﬁ)

X—>»00 X

54



©)

63

Sal

using L'Hospitd'sRule

X X X
_ I_im(pllnalal +p,lna,a; +....... +pnlnanan)
: - X X X
2 xow® pay +P,a5 ... +p,a;

dividingby a) andtekinglimit, weget

X X
. a
Lim (_ZJ (2J . etcall vanishesasx — o

(1)

X—»0 al a‘Z

hence InL2=Ina1 = L,=a Ans.
Lim F(x) =L, (say)
X—>—0

(pllna1a1‘+pzlna2a>2‘+ ....... +pnlnanaﬁ)

InL,= Lim X X X
3 X—>—o Py +Pa5 F.e. +P,a,
X X
dividing by (a,)* and taking Lim |5 % etcvanishes
X—>—o0’ an ! an
InL,= Py Ina, L;=4,
Pn

Let £:R* —» R beadifferentiablefunction with f(1)=3 and satisfying:
[T H(t)de=y[ f(t)dt+x["f(t)dt; ¥ x,yeR"

thenfind f(x).

We have [~ f(t)dt=y| f(t)dt+x[ f(t)dt

Differentiating both sidesw.r.t. x treating y as constant; we get

f(xy).y = yf(x) + Ily f(t) dt
Putting x = 1 , weget yf(y)=yf(1)+ _[ly f(t)dt

= yf(y)=3y+[ f(t)dt (- £(1)=3)
Again differentiating both sidesw.r.t. y, we get
yf'(y)+ f(y).l =3+ f(y)

3
= f'(y)=—
()=

Integrating both sidesw.r.t. y with limit 1 to x then
yf'(1)=3Inx—-3Inl
f(x)-f(1)=3Inx-3nl
=  f(x)-3=3hx-0 (- f(1)=3)
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= f(x)=3+3hlx
=31ne+31nx=3]n(ex)
Hence f(x)=31In(ex).

64  Let f(xmy“)sz(x)+nf(y) V x,yeR" and v m,n eR. If f'(x) existsand hasthevalue

f(1

<., then find ﬁmﬂ.

X x—0 X

Sol - f(xmy“) = mf(x)+nf(y) (1)
Putting x =y =m =n =1, then f(1) = f(1)+ (1)

= f(1)=0

h
f(l +j
= lim—~—>2 (Putting y =1in (1) then f(xm) = mf(x))

f(1+hJ
lim 27 =
h—0 h

3)

65  Letfbeacontinuousand differentiablefunctionin (x,,x,). If f(x).f'(x)2x,/1 —(f(x))4
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66

Sol

. . 1
and lim (f(x))2 =1 and lim (f(x))2 =— for x €(x,,x, ), then prove that x| —x; zg

+ -
X—X| X=X, 2

(assumethat lim f(g(x))= f(lig}g(X)) holds everywhere).

2f(x)f’(x) x>0

- -(fx) o 1-(t(x))’
or ix{sin'1 (f(x))2 —xz} >0

d
= F(x)=sin" (f(x))2 —x* isanon decreasing function.

= lij(X)Slij(X)

X—X] X—X;

= lim {sin” (f(x)) =x*} < tim {sin”" (£(x))" = x?

XX,

T i I
= ——fo——xi = xf—ij—-
2 6 3

Arethere any non-constant differentiable functions f: R —s R such that

f(f(f(x)))=f(x)=0V xeR?

Given f(f(f(x))) = f(x) ..(1)
Applying f to both sides of the equation (1), then
f(£(£(x))) = £{£(x)} (2)

If g(x)=1(f(x)) ¥ xR thenequation (2) can be written as g(g(x))=g(x); g isalso

adifferentiable function on R and g(x) >0 V xeR

Thentherange T =g(R) of gisaninterval in [0,:). Let abetheinfimum of T.
Since g(t)=t forall e T and giscontinuous.

= g(a) =a

Assume T has morethan one element. Choose § > ( such that (a,a +dC T).

Then x e(a—8,a)

=  g(x)>g(a)=a g(XX:E(a)SO
ENEUETOR
:mg(a‘g_g(a)so (3
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For x €(a,a+8) wehave

Hence Rg'(a)= Hmwzl (4)

X—a+ X — a

Asgisdifferentiable at a, therefore (3) and (4) are contradictory. This concludesthat
Tisasinglepointi.e., gisaconstant function,

g(x)=c V xeR, (cisconstant)

from (1), f(c)=1f(x) ¥ xeR
Thisshowsthat f isaconstant function. Thusthereis no non-constant differentiable
function satisfying (1).

Let f(X)=X3—3X2+6 VY xeR and

g(x)_{max{f(t):x+l£t£x+2,—3SX<O}
1-x, for x>0

Test continuity of g(x) for x e[-3,1].

Since f(x)=x>-3x>+6

=  f(x)=3x"-6x

=3x(x-2)

for maximum and minima f'(x) =0

x=0,2

f"(x)=6x—6

£(0)=—6<0 (local maximaat x = ()
£(2)=6>0 (local minimaat x =2 )

Cut of f x-axis x3 _3x2 + ¢ = 0 hasmaximum 2 positive and 1 negativereal roots.
Cut off y-axis. F(0) =6.

Now graph of f(x) is:

Y

Clearly f(x) isincreasing in (—,0)w(2,0) and decreasingin (0,2)
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= x+2<0 = X <=2 = -3<x<-2
= 2<x+1<-1 and -1<x+2<0

in both cases f(x) increases (maximum) of g(x)=f(x+2)

g(x)zf(x+2);—3£x<—2 ..(1)
andif x4+1<0 ando<x+2<2 =  2<x<-1
then g(x)=1f(0)

Now for x+1>0and x+2<2 = —1£X<0,g(x)=f(x+l)

f(x+2) ;o 3<x<-2

f(0) ; 2<x<-1
g(x)= ,
Hence f(x+1) ; -1<x<-0
1-x ;x>0

Hence g(x) iscontinuousin theinterval [-3,1].

x3(1—x)sin(i2] if 0<x<1
f:[0, 1]—>Risdefinedasf(x):{ X
0 if x=0

€) f isdifferentiablein [0, 1] (b) f isboundedin[0,1] (c) f'isboundedin|O, 1]

x3(1—x)sin(i2] if 0<x<1
f(x){ X

0 if x=0

1
h3(1—h)smF—O )

f'(0") = Lim
h—0

.1
1-h)3(+h)sin—=— -0
(1-h)? = Lim —(0-h)*sin

-sinl

1
“h @-hy? =
Hencef isderivablein [0, 1], obvioudy f iscontinuousin [0, 1] hencef isbounded

f'(1I)=Lim
h—0

(3 -x% cos(izj(— %j +sini2(3x2 —4x3) x#0
hence f'(x)= X X X

0 if x=0
Lim =(0)+sinl(3-4), hencef ' isalso bounded.
x—->1"

, then provethat
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|4x - 5|[x] for x>1

Discussthecontinuity of f in[0,2] wheref(x) = ; where[X] isthegreatest integer not

[cosnx] for x<1
greater than x.
1 if x=0
0 if O<xsE
2
1 it tex<a
2

f(X):{|4x—5|[x] for 1<x<2

[cosnx]  for 0<x<1 (5-4x) if 1<X<%

4x -5) if Esx<2
(4x=5) i >

6 if x=2
Clearly f(x) isdiscont. forx=0,1/2,1 & 2.
If f(x) =x+{-x} +[X] , where[X] istheintegral part & {x} isthefractional part of x. Discussthe continuity of

fin[-2,2].
f(x)=x+{-x}+[x]

if n<x<n+1, then f(x)=2n+1
{as for nonintegral values {~x} =1-x+[x] and [x]=n|
if x=n, thenf(x)=2n

2n if X=n
Hencef(x)=42n+1 if n<x<n+1

2n+2 if X=n+1
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