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LIMITS
EXERCISE 1(C)

1 1
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Apply L’Hospital rule
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Applying L’Hospital rule
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Applying L’Hospital rule
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3 5
2+ —+—~
- = 24+0+0

2
. 6 10 - _
= Hm— 2 B0 T
( 2]2 1( 3j3
3-S T+ 2=
X X X
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Lim
x—>0 sec3x —secx

1 1
Lim-0s 4X  cos2x
x—0 1 1

cos3x cosXx

. c0S2x —cos4x cosXx.cos3x
Lim X
x>0 cOSX —C0S3X cos4x.cos2x

. +2sin3x.sinXx
Lm————
x—>0 28In2X.sin X

. sin3x 2x 3x
Lim—
x>0 sin2x  3x 2Xx

x—0 2X

Let first term of on infinite G.P. is a & common ratio of infinite GP.isr

. . tanx—sinx (0
given a= le—3 —form

x=>0  sin” X

Apply L'Hospital rule

. sec’ X —cosx
L1m#
x=0 38In° X cOS X

3
) 1—cos’ x
Lm——— 5
x—0 3sin” X cos 3x

. 1-cos3x ) 1
Lim——————xLim
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. 4 1—cos’ x
le—Xﬁxl
x>0 4 3sin“ xcos” X

4(1—cos3x) 0
m———"2
x-0  3(sin2x)
Apply L’Hospital rule
4  (+3cos2xsinx)

Lim—x——
x->0 3 2(sin2x)x2cos2x

cos’ x sin x

x—0 (2s1n X cOSX)COS2X

o 1-4x
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x>1 (cos™ X)

L
Lim 2\/;

! 2(cos™ x)x—

1

1-x?

) 1x4/1—x>
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2

cos x
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— Lim sint =l
t->1 4t 4

a
so sum of infinite G.P. is IOO = -

1

2
1
4

1—
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X—>0

lim[x—én(e e D
X—>0 2

2x
lim[x—fn(e +1J]
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put x=cost

—I

coshx =
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X—0

lim[x — ¢n(e** +1)— /n2 — fne*]

X—»00
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X—>00 e
1+ ix
- e
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e2x

le— 1 cos— —cos—Z(l cos—z\
x%OX L ) L J

oo | OO
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Lm = _L cos 2)( cos 4)

oo}

I;i)r(l)l=xi_1—(2coszx7f2—q LI_COSXT:J}

Lim=i{2 2cos —2[1 cos—z)}

x—0 X8
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1 8x2 (l—coszx—z\(l—cosx—z\
x—0 XS k 4)L 4J

. 16] L ,xP X
Lim=— sin? X 2sin2 X
X 4 8

x—0



sin X
Lim=—t| —4 | |SMg | 1
x>0 32 (Lz\ (Xz‘\ 32
L4)) ()
m V2 —cos0 —2s1n 0 (9 forrn)
o--  (40-m) 0
Apply L'Hospital rule
i SN0 —cos6 0
o 2(40-7) 4 [— fomj

Again apply L’Hospital rule

1 1
cos@+sin6_ﬁ+ﬁ Q 1

Iim = -
o 8.4 32 32 1642
lim 2 !

n T
~i(x-3)
lim 1-2 [% formj

T T
6_)5 Zcosx(x2 _ 5 X)

liml_2 (Qformj
n. o2 T \0

X—>— __
7 X

2x
again apply L'Hospital rule

-2 10g2:>—210g2




, 1+ x 1 4 —x
13 Lim| /n - 3. 173 172
. x—1 2 Jsin(x—1) (7+x)"" —(1+3x)

here (1)*
x—1 /ndx(4* -1 1 /nd—1
B ZSin(x—l)'3 1 233 2| T 20T 3
—(7+x)2 =2 (1+3x)" 2 (Lt -1
3 2 3'4 272
1| /m4-1 —
= —.3. n :>—9€ni
1-9 4 e
12

14. If /=1im Z((r+1)sini—rsin£]
= r+1

n—o0 T

sin T
n-1

l = lim(3sin§—23in£+4sin£—3sin£+5Sm7t _4smn

. T
+ ——(n-1
lim nsin 2 (n—-1)

+(n+1)

sin 1@ sin 1@
—n
n+1 n

¢ =Tlim| (n+ )27 _2sin ®
n—o0 n+1 2

sint
¢=lim| n+ DALy T 9
n—o T n+1
n+l1

(=lim(n-2)=314_2
n—ow

=1.14
so {/}=10—[/]
=114-1=.14 orn—-3

(3x* +2x%) sinl 1 3
lim XJx X[ 43
N |x [+ x P +]x|+1

(xF +IxF+1x]+D)



16.

17.

18.

lim 3%° +2x N —(x)’+5
o= (%)} = (x)? = () +1 = (x)*+ ()= (x) +1

3+£2 —1+i3
. X X
N U IO T S
X X2 X3 X X2 X3
lim _—3+1=—2
x—-o ]

i (x> +27)n(x —2)

x—3 (X2 -9)
lim (x-3) (x2 +9-6x) m(1+(x—2))
x—3 (x+3) (x-3)

limx*+9-6x =18_-9=9

x—3

lim 27% —9* -3* +1>< V2 ++/1+cosx
x—0 \/5—\/1+cosx \/5+\/1+cosx
. 2227 9% =3% +1)

m

li
x—0 2—1-cosx

hmzﬁm —9 =34

x—0 1—cos

42277 =9% =3% 1)
lim 5

x—0 X

lim4\/§{9 3 —1);1(3 —1)J

x—0 X

lim4\/§((9 =1 _l)) - 1im4\/§{9 ‘1)x11m3 -
x—0 X x—0 X x—>0 X

x—0 e

CTasxys 1"
Lim| ——— (1)*

. 1/
GET‘; (1+x) * —e.l
€ X

= 8v/2(/n3)?

= 42(/n9) (/n3)



19.

20.

21.

(n(l+x) |

Act.: Iiirgl e(/n(1+x)—x) .
X

2
X

efe x -l (Kn(l+x)—x

t—e'+1/t 1

m———=——
=0 (e'=1)*/t7 2
(taking commone)

— -1/2
=¢C

n—»w

2
Lim{nﬂlln}(Z\/anrn -1
n

€

Lim[(n2+n)—(l+n)2] (2Vn%+n-1)
e’H“’ n{\/n2+n+(l+n)}

Lim(—n—l)(Z\/nz-m—l)

; 2
Rt { mmm)} [taking n~ as common]

x—1

X tanT;—x
Lim [tan T}

Lim[tanﬁ—l) tan ">
4 2

x—1

sinE(x—l) _—
Lim——2% ™ E(x-1)
e LT 1) cos™costx 24
4 4°%%

K4

Jmsonen(3-) = ol = (e

x—0

1/x 1 T
. T )l(lj(l);[tan(z+x)—l}
lim| tan Z—i—X =¢

. 1| 2tanx .| tanx 2
v o -t 2
=¢ X anx | __ e)H X anx __ e

)



22.

23.

24.

25.

26.

27.

28.

29.

lim(3 _lj:ms
x—0 X

cos(sinx)—1

2sin’ sin X
2

lim > =lim >
x—0 X x—0 X
) sin X
2sin’ .
. 2 sin“x 1
=lim — X——=—
x—0 sin” X 4x 2
4
1/x el/x
lim . = lim - =1 & lim - =
x—>0"  — x—>0" = x—>0"  —
e* +1 e *+1 e* +1
LHL # RHL
Limit does not exist.
sin x _1
sinx N
1 -1 sinx _ Ina

=€

1 . —ax

lim(l—ax)* =" * =e
x—0

—a

By L’hospitals rule

-1
. x"—sinx" . nx' (l—cosx“)
llm—.n:hm o0
x>0 X —sin" X x>»0]—nsin" XcosX

Now for any value of n greater than 1, denominator will be nonzero and numerator will be zero.

.. . l—cosx
But forn =1, limit becomes lilm ————=
x=0]—cos X

lim ( x+3 jm - eli";(%ﬁ“)(w) _ s

1,

10



30.

31.

32.

33.

x? x>
2x+ax| 1—-— |+b| x——
2X +ax cos X + bsin x 2 6

lim 3 =lim
x>0 X x—0 X

(a+b+2)x—(a+bjx3
2 6 5

=lim 5

x—0 X

=a+b+2=0 &3a+b=-12

=a=-5b=3.

\/gsin[n+hj—cos(n+hj \/gsin(nJrhj—lcos(nthj
6 6 6 2 6

) .2
lim =lim
>0 /3h(+/3 cosh —sinh) h—0 ﬁh(\@ 1 ]

——cosh——sinh
2 2

T.(® LT T
cos—sin| —+h |-sin—cos| —+h
) 6 6 6 6
=lim

e \/gh(cosgcosh — singsin h]

) sinh 2
=lim =

" \/gh cos(76t+hj 3 .

XZ X2 X3
log(l X[l‘zHX‘fsJ
limxcosx— og( +x)=lim

2

x—0 X x—0 X
2
x* 2x°
.2 3 1
lim2 3 _
x—0 X 2

lim

T
X—>—
4

1 1 .
( |- tan x j . { —ﬁcosx——ﬁsmx
———— |=lim
1-/2sinx x> COSX 1

—=—sinx
V2

11



34.

35.

36.

37.

(=
sin| ——x
) 1 4
= lim

TCcosX| . T .
o smz—smx

= lim
<X COS X
! cos| —+

lim—— = im 3 _1(\/4+x +2)=41n3

20 J44+x -2 x20 X

x—0

X sin X X sin X

) sin2(l+x)+sin2(1—x)—23in2 . (2sin2cos2x —2sin?2
lim 2111’%

.2 .
:—2sin2lim(281n Xj:—4sin2lim(smxj:—4sin2

x—0

X Sin X =0\ x

By L’hospitals rule

Pt 2 2
lim L. =lim —=-
x>7 €08 2x x>T —-2sin 2x 32
By L’hospitals rule
lim (x+h)sec(x+h)—xsecx lim (x +h)sec(x+h)tan(x + h) +sec(x + h)
h—0 sinh h—0 cosh

= X sec X tan X +sec x :secx(xtanx+1)

Alternately

lim - -
h—0 sinh h—>0 sinh

(x+h)sec(x+h)—xsecx im (x+h)sec(x+h)—(x+h)secx —xsecx +(x +h)secx



_pim W (sectx 4y —seex) - (x—(x +h))secx

h—0 sinh h—0 sinh

. (X+h)(cosx—cos(x+h)) . hsecx
=lim _ + lim —
>0 sinhcosxcos(x+h) -0 sinh

2(x+h) sin(x + h] sinE
2 . _hsecx
+lim———

h—0 sinh

= lim h
” 2sin500s5c0sxc0s(x+h)

X sin X

COS2 X

sin(§—2x] sin(z—b(]
38. lim =lim

o 2¢cos2x —1 o 4cos’ x —3

(T
sin| ——2X |cosXx
: (3 ]
=lim

x_,g cos 3x

+secx =xsecxtanx +secx .

. T
sin 2y cos ( - yJ
. 6 T
=lim - X=—-Y

y—0 sin3y { 6 }

p SRy 2y COs (n - y) 5

) 2y 6 3 1
=lim - =Tx1T =
y0 3sm3y 372 3
3y
. 1+x4+X—8 - I—X—4 x
lim & —cos><2_lim 2 2 4! 3
39. T o T x* 2
) sin” x
2 .2 cos“ X —X
. XCOS"X—sIn"X .. x2 1
lim - =lim - =—
40. x—0 X +S1n X x—0 SIn X 2
1+
X

13



LIMITS

EXERCISE 2(A)

(A)D)
1-1-2 1-2-1

put O6=-1; <f(-1)<

—1<f(-1)<-1 = f(-1)=-1

. 0%+0-2 2,120-
Lim———=_1= Limw
0—>-1 0+3 0>-1 043
using sequeeze play theorem
. f(6)
Lim—— =_1- [ =_
im<5™ == 1: Lim £(0) =— 1.

1

hdx
h2+x

[_L1m2

h—0*

2 Lim

Note:

(B)(C)
(A)

lim ([[x]] [2x + 1])

x—3"

lim ([ [x ]—[2x+1])=2—6=—4

x—3

lim f(x) =lim f(X)

x—3" x—3"

22
—>n
7

Hence limit exists.

©)

tim ({x}" = {=x})=0-1=-1
lim ({x}" ~{=x}") =1-0=1
lim £ (x) = lim f (x)

Limit does not exist

(A)C)(D)
. t { I m L Zx
()= iy i

1
= Li {2 h tan ™" i} =
h—0* h h or

{272 =3.1428571 and ©t =~ 3. 1415929]

T Ans.

(B)
lirg([x]—x)zl—lzo

lim ([x]

x—1

lim £ (x) = lim f (x)

x—1*

—x):0—1=—1

Limit does not exist

(D)
t
. an (sgn(x)) _tanl _ wnl
0" sgn(x) 1
i tan (sgn(x)) _ tan(-1) -
0 sgn(x) -1
iy (9 )

Hence limit exists.



lim f(x) = lim /{x } cot {X}zlir{]l v 7 =+cotl
x—0" x—0"

50" tan(x+1

(B)(D)

(A) limx?*sin—= = lim 3"

X—>00 / X y—0" y

. . . [1-sinx ) . . (cos’x ) sinx
(B) hm(l—smx)tanx=hm( jsz:hm —=0
COS X x>2\ COSX I+sinx

y
2 - ®

T T
X—= X
2 2

2+ 3
2x%+3 2
C) lim| =—/— |sgn(x)=lim| —%— |=2
( ) X_)OO(XZ'FX—SJ £ (X) X—>0 1+l_i
X X’
2_
(D) 1im2 =2 g
x=3" x° =90
(A)B)
|
2x-"sin—+Xx
f(x)=lim ——%*
( ) — 1+X2n

1
2x?"sin— + X

for x<1,f(x):1iml—2)§:x {limx“:O if x<1}
n—oo +X n—oo

for x =1, f(x)=2sinl+x {limxz“ =1 if X=1}
X n—w
2sinl+—21n_1 1 1
for x> 1, f(x)=1lim X X  —2sin— {limTzo if x>1}
n—o 1 +1 X n—ow x n
X2n
Now
(A) limxf(x)=lim2xsinl=21im Sy _ o
X—>00 X—»00 X y—0 y

(B) 1imf(x)=lim25inl=2sin1 & limf(x):limx:l

x—1* x—1* X x—1" x—1"

lim f(x)# }i_rj}f(x), hence Eil}f(x) does not exist

x—1*

(C) limf(x)=limx=0

x—0 x—0

(D) lim f(x)z lim x = —o0

X—>—0 X—>—0

(A)(B)(D)

lim(\/x4 +ax® +3x? +bx+2—\/x4+2x3 —cx? +3x—d)

X—>0




x* +ax® +3x? +bx+2—(x4+2x3 —cx? +3x—d)

=lim
X ax X X X X —CX X —
| Jxt baxd +3x2 +bx +2 Vx4 2%° 243x—d

i (a-2)x*+(c+3)x* +(b-3)x+d+2

X \/x4+ax3+3xz+bx+2 +\/x4+2x3—cxz+3x—d

lim( ((a=2)+(c+3)y+(b=3)y* +(d+2)y’) J

y=0 y\/l+ay+3y2 +by’ +vy* +\/1+2y—cy2+3y3—dy4

Clearly a=2. Now

+3)+(b=3)y+(d+2)y’

Lim = lim (c+3)+(b-3)y+(d+2)y 3
o \/1+ay+3y2+by3+y4+\/1+2y—cy2+3y3_dy4 2
c+3

Hence 5 =4 orc=35.

Also b,deR..

Options need correction

X3 X2 X2 X3
a+b| x——+...|—|l-——+.. |+c| Il +x+—+—+...
a+bsinx —cosx +ce” 3! 2 2 3!

lim 3 =lim 3
x—0 X x—0 X

(a—1+0)+(b+0)x+(c+;jx2 +(C;b)x3

=lim

x—0 X3

Clearly a—1+¢c=0,b+c=0 & c+%=0

:}C:——’b:l,azi.
2 2
©)
[x]+x X [X]+X x—1
lim SlimY = g lm—=lim A =1
x—>0" [X]+X x>0t X x—0" [X]+X x=>0" X —1 a

lim £ (x) # lim £ (x)

x—0" x—0"

Limit does not exist.

(A)(B)

(A) ygg( )2X=emzx(2i"_lj {1 form|

2+X



I1.

12.

13.

14.

15.

=e e e
B hm X 2x ~ 1 2 _l

(B) x>\ 24+ X 2+1 9

(A)B)(C)

im ae”* +be ™ im A+ be?* a

o0 gel® p der 00 o de™ ¢

1/x -1/x 2/x
im ae +be”” . ae”"+b b

0 g™ pde™ 0 e +d d
Hencea=2¢c,b=2d

Now bx’ +(a—2c)x—2d=0:> x?=1.
(B)(C)(D)

Clear from the figure.

y

|
| &
}* 3
2’ | e
(A)B)(D)

Conceptual question.
Options need correction

X—a X

tanB . X a
. a 2a l]g;tanz 2—;—1 w
lim| 2—— =e {1 fonn}

+
limtanﬂ(a y) — limtan(EJrﬂj 5
_ ey~>0 2a aty) eyao 2 2a)\a+y

ny

- lim-2a__2

_ 7£%C0t27§[$] e Hotan%”(a*}’)
_2 2

=e™=¢"=a=1"
B)(C)

2x° .24y

lim = lim

A) 212 v 1e2y?



lim =21lim =2
(B) x—0 X x->0  2x
:{li smzx}zl.
x—0 X
©) lim tan 3x ~ 3lim tan 3x 3
x—0 X x—0 3X
:[li tan3x}=3.
x—0 X
[ 2 '4 2
(D) Iim ﬂ:_limi:_
xo-w X +2 y=0 142y
2
:>{Mn 4X'”}=—3
xo-o X +2
PASSAGE 1
16. ©) B
x—>0 3 -x2=x*x-1)> 0
x—>0 x4 —x=x*2-x)—> 0"
2B3)=A(2) = A=3
17. (B)
Lim f(-x)x* 'S
x>0 [l—cosxj_{l—cosx} l-cosx
()] ) [ [f()] 2
=6x2=12
18. (B)
3. ]
o X“osin"X |y _ginx
X —> X4 = x3
f(0)=3
. 3 . 3
s O~ sin x _sm3x 2 s 0
X X
3 .3
3f{x s:n x] .
X
= [9"]-f(0)=9-4=5

0

x? +sin? x + x sin x

)

]X

=

1 _
G B)x—>0 =

£(0)=4



19.

20.

21.

(A)

n

Z(3k {f(x+ky)—f(x—ky)})

k=1

<1...(i)

S Z(s (£ (x-+ky)— £ (x—ky)})| < 1.}
=13" {f(x+ny)—f(x—ny)}‘ <2

:>‘f(x+ny)—f(x—ny)‘£3£n

:>lim‘f(x+ny)—f(x—ny)‘£0

= f(x) is a constant function .
(D)
axe* —bln (1 + x) +cxe ™

lim o =
x>0 X“sinx

x? x? x° x?
ax| l+x+— |-b| x——+— |+cx| | —=x+—
2 2 3 2

|

= lim S
X0 X sin X

b

(a—b+c)x+ a+E—c NG I P
2 2 3°2)

= lim -
X0 , sinx
X -

X

a b ¢

=a-b+c=0, a+g—c=0&———+—=2

2 3 2
Hence a=3,b=12,c=9
Now g(x) = 3x* - 15x> + 9x.

g(x)=f(x)=h(x)=3x"-15x>+9x+23=0

=h'(x)=9x>-15x+9> 0 for all x.
Hence g(x) = f(x) has only one real root
(A)

g(x)+3:1, 3x’ —15x" +9x+3

Sln(2-x) 1 In(2-x)
By L’hospital’s rule

o3 =15x*+9x+3 .. 9x*—=30x+9
[im =1lim =
x—1 ln(z_x) x—1 l

_2—x

12

2



22.

23.

(A)

ool

I (f( )) limlnicos\/;J
ime V) n

=lim —= lim lim

=0In (g(x)) % lim In (1 + x(l +e'" )) >00>2nn (1 +X (1 +e' ))

n—oo

In(1-(1-cos Vmx )

In{cosvVmx
— limlim ( ) — lim lim — 1 =C0SVmX

1—-cosvmx

x>0 m=0 ln(1+x(1+em)) x>0 m=>0 ln(1+x(1+em))
x(1+em)

In(1-(1-cos+/ ) —
n( ( cos mx) e
=limlim 1 - cos vmx 2
x=0m=0 1n(1+x(1+em)) X(1+em)

x(1+em)

ln(l—(l—cos\/E))2 2@
l—cosm 2

- 1
Qi ln(1+x(1+em)) (1+emj 2
x(1+em) m

©)
f(X)Ze"lﬂn[ \/%1] —em (o)
2 2‘2*[ miJZ
f(x)zel‘lgj0 mo=e 2 :>f(x)—e7
g(x)zlllir?o(l+x(1+el/“)) {1 form}

g(x) _ enliglcn(x(ne”“ ) _ leTo[x .

! (X) =-2Inx, g (x) =Inx
= h(x)=tan™ (ln(—2 In x))

Now 2Inx>0=Inx<0=x(0,1)

x(1+em)



24. (D)

Asrange of In(-2Inx) is R, hence —g<h(x)<g.

25, (A)=>R); (B)—>(S); (O)—(P); (D)—(Q)

X2 2

e¥ —l+x—-e*+1 1{. et —1 x—e*+1
:5 Ll =

(A) [=Lim m +Lim —— | =
) 2 2
x—0 sIn“x -0 X x—0 X
2 ;X

LT 1

C(34x VX Lim l[“—x—lj Lim —2X
(B) /=Lim =0 I =gt XG =0 +3 =5

x—0 \3—X
3 3 3 3 3 3 3 3
. (tan’ x —x”)—(tanx’ —x°) . tan” x—Xx . tanx’ —X
(C) Lim - = Lim —————Lim —————
x—0 X x—0 X x—0 X
zero (by expansion)
. (tanx-x) (tan’x+xtanx+x?) 1
= Lim : == x3=1
x—0 X3 X2 3

(D)  rationalising gives

(X+2sinx)[\/(xz+2$inx+1)+\/sin2x—x+l}

Lim

X0 (x?+2sinx +1)—(sin® x —x +1)
sin 2x
. X +sin2x 1+ 1+2
2 - Lim 2 .2 . =2 Lim X :2_:2.
x>0 x” —sin” X +2sin X + x x>0  sin?x 3
— +2+1
X

26. (A)=(Q), B)—(R), (C)—(P), (D) —(P)

(A)  lim cos’ (n(m» =1lim cos’ (nn—(n3 +n’ + 2n)1/3 n)

n—oo n—oo

. ) n®+2n
=lim cos™ & 7 7
o n’ Jrn(n3 +n’ +2n) +(n3 +n’ +2n)
1+2 T 1
=lim cos’* T — — |=cos’ 3737
1+(1+1+22j +(1+1+22) '
n n n n



sin (2nm )
(B) lim

n—>00 1/n

-1
Also lim(n—\/1+n2)zlim(—j20
n—o n—o n+ [1+n2

' sin(2nm) . sin(2nn—2nm)
‘11‘{2 1/n :_‘11_{2 2nn—2nm
. sin(2nn—2nm) nm
211_{2 2nn—2nm n+m
sin(2nn—2nm) e
=lim =T

n—w 2 B
nm—2my1+n 1+\/12+1
n

— {% form as sin(27t\/1+n2 ) — O}

2nn(n—m)

(C) Lim (-1)" sin(n\/n2 +0.5n +1)
sin(nn—n\/n2 +0.5n+1)

mn—7yn? +0.5n +1

0.5n+1 ]sin(nn\/n2+0.5n+l)

n—nx/nz +0.5n+1

=—Lim Tc(n—\/n2 +O.5n+1)

n—oo

=Lim
noee n+\/n2 +0.5n+1

1 1
—+— sin(n—n\/n2+0.5n+l) 1

=Lim
e 1+ /l+i+i n—7n\n? +0.5n+1 2.
2n n’

x4+a)  lm X(X—H—lj lim (2&) 1
( ) =g \xa —er\xa) eZa =a=—

X—a

D) lim

X—0

27. (A)=>(S), (B)—>(P), (O)—>(Q), (D) —>(R)

(A) PB%(J’”&‘J"‘&):i‘l’wuﬂﬁzﬁx_d




sin X

2sinxXcosx —2

. sin2x—-2tanx .
B) lim —— =lim —Lns
o0 In(+x) =0 In(l+x)
sin’ x

. 3 3

——1mLX3:—21im . =2
=0 cosx In(1+x*) x>0 ln(1+x3)
coS X 5
X

(©) lim (lnsin3x—ln(x4+ex3)): lim (3lnsinx—3lnx—ln(x+e))

x—0" x—0"

= lim (3ln sin X —ln(x+e)]:—1

x—0" X
(D)  tan(2m|sinB|) = cot(2n|cosO|) = tan(27|sinO) = tan (g—Zn | cos 0 |)

= 4|sinO]=2n+1-4]|cos0|

2n+1

=|sinB|+]|cosO|=

2n+1 5

Now range of |sin0|+|cos0] is [L\/EJ hence 1 1

Further f(x)= Gj

-t |t H%H -0,

28.  (A)>(S); (B)>(R); (O)—(P); (D)—>(Q); (B)—>(P)

2
a3 3(1+X+X2J—x3—3x—3
(B) Lim ¢ 7X 2_ X~ =Lim >
x—=0 tan” X x=0 tan” X
3x* 3
=Lim 2 5 =Lim 2 —=—
x>0 tan” X x>0 tan“x 2
X2
n—2tan"' X cot'x

im ~—— 5 =2Lim ———5
© 7 1n(1+) w ln(1+j
X X



X
1
=2Lim X 7 =2
ln(l+)
X
1
X
. 2sinx-—sin2x 2sinx (1-cosx)
()  Lim == :
x>0 x(cos X —cos 2X) x>0 x(2cos” x—cosx —1)
_ 2sinx (1-cosx)
=—Lim =
x>0 x(2cosx+1)(cosx—1)
2 3 2 3
. x_o (l+x++6J—(l—x+X2—X6J—2x
Lim &% =% _{im
(E) x>0 X —sinX x>0 x’
X—| X——
6
X3
=Lim 33 =2
x—=>0 x .
6
29.  (A)—>(S); B)=>(R); (C)—=(Q); (D)—>(P)
X Limx L—1 Lim X
(A) Lim (Lj = (1+x ) _ ex%x(l#’x) :l
x>0 \ 14X e
sinl coslfl
. . 1 1 X XLme X(Siniﬂ:osi—l) }LT[ 1 ’ 1 }
(B) Lim|sin—+cos— | =e =¢ X X
X—>00 X X
sinl 251'112L
. X x |1
Lim| { N }
= X 4Xz =
s [29{2}
. cot? x B I;gt(} cotzx(cosx—l) . 20| tan”x
()  Lim (cosx)™ " =e —c
_lle{sm 5 X2
2 x>0 xi tan” x 1
= 4 = e_E
1/x 1 n
. T ];T(;; tan| 2 +x -1 . 1(1+tanx . 2 anx
(D) %ngl(tan(z+x ] = [ (4 ) j — el;gg;(l—tanx_l] — el;ggl—tanx(t X ) — eZ.




1.

LIMITS
EXERCISE 2(B)

Since the function is conti

VF| _,=RHL|,_,=LHL| _,

£(0) = limf(x)

) (sin3x+Asin2x+Bsinx)
= lim

5

x—0 X

5x* ’ 0

x—0

. (30053x+2Acos2x+Bcosxj (3+2A+B)
= lim ; form

3+2A+B=0..(1)

= lim

—-9sin3x —4Asin2x —Bsinx 0
3 ;| —form
x—0 20X

=lim

x—0

(—27cos3x—8Acos2x—Bcosx)(—27—8A—B

60x> ’ 0 j form

27+8A+B=0 (2

= lim

x—0

81sin3x+16Asin2x + Bsin x 0
;| —form
120x

0

= lim
x—0

243cos3x +32Acos2x + Bcosx
120

~ 243+32A+B

0) 120

..(3)
using (1) & (2)
A=-4B=5

then
f(0)=1

2 (sinxjm}
x| 1=
x™ —(sinx)™ Lim ﬂ{ X

100 / = Lim =
x—0 Xz‘(Sil’lX)m x—0 @Xz




X m
as Lim( - ] =1
x—0\ SIn X

Using L'Hospital's Rule
sinx \"
(%)
100/ = Lim —— % 7/
x—0 2xX

ot v sin X m_ d_y_m sinx Y™ ' x cos x —sin x

now let y= N ; x " 2
. m—1
. 6000-cosx (x—tanx . (sinx
100/ = — Lim g ) = 1000 [le( j = 1}
x—0 2x x—0 X

using expansion of tanx we get | [=10

X
Using L'Hospital's Rule, Lim Y5 1 =1, Jx? +1 x L 1.p
sin ospital's Rule ; = =—=
Lo © 50 3k 6x x*+1 6x 6 ¢
p?-a?|=35.
Alternate :
t | 00—t
Let x =tan0, then L =Lim an0 + n(se;: an@)
0->0 tan” O
tane+1n(1—sin9)—lln(1—sin26)
L=Lim 2
0-0 tan” O
< 2 +.3 .4
sin 0 — sin6+sm 6+sm 9___ cos@+l sin29+M+——— cos0
) 2 3 2 2
L=Lim 2
60 tan’ Ocos 0
in0(1-cos0O in>
L=Lim s (3 cos )— SI3H 0 ....rest of the terms have degree >3
60 tan’ Ocos 0O 3tan” OcosO
sin29
. — . 3
L=Lim( sin® J 2 1 s13n€) 111
00 | \ tanOcosO )| tan“ 0 (2 3tan’OcosO | 2 3 6.

4

Let radius of circle is r &

ZAOB =20

ZACB=mn-20

(- points A, C, B, O are concyclic)
. ZAOP=~/BOP =0



T
/ ACP=/BCP=—-6

2
In AAOP,
o AP_AP
sin = OA "
= AP =rsin0O
,_ O _op
cos “O0A  ;

= OP =rcos0O
AB =2AP =2r sin0
in AAOC,

) [n ] OA
sin| ——0 | =——
2 oC

I
-
(@)
=]
@
D

1
.. ar(AABC) = ) AB. PC

- .sin’ 0

) T
2r sin0 . 030

N | —

=2 tan . sin20

r
- 0OC= OR=r
cos0

RC=0C-0OR



6—% DR =RC 0
= cot = RC = = COos

r

= 2050 (1 —cos0). cotd

cos®  r(l—cosb)
‘sin®  sin®

T
1—cosO
cose( cos6)

DR + RE=DE = DE =2DR

PC=0C-0OP = DE=2DR

2r (1-cos9)
sin®

1
are (ADEC) = 5 x DE xRC

_12r(I1-cos6) r(l—cosB)
2  sin® cosO

r’(1-cos0)(1-cos0)

sin0.cos0
r2.2sin? 9 - 2sin’ 9
- 2 2
sin0.cos0
41? sin? 9sin2 9 4r? sin* 9
_ 2 2 _ 2
sin0.cos O sin®cos0O

AB = 2r sin0
IfAB > 01ie. 2sin0 > 0=0—->0



. ar(AABC)
- lim ——=
" 48>0 ar(ACDE)

— 1lim r’ tan0.sin’ 0
20 4y 5in0/2
sin0.cos 0

tan 0.sin’ 0.cos 0
im —
60 4sin"0/2

tan 0.sin> 0.cos0

. 04
= lim —
0->0 sin"0/2
4 o

. 3
[tan 9] [sm 6]
. -cos O
) 0 0
1m . 4
60 sin0/2) 1
0/2 2

111
41.1/16

X —X
. ae*—bcosx+ce
Lim - =2
x—=0 XSinx

2 2 4 2
a{1+x+x+ ..... }—b{l—XJrX— ..... }+c{1—x+x— .....
1 2! 21 41 I 21
Lim

x>0 ,| sinx
X
X

(i)a—b+c=0 = constant

coeff. of x =(il)a—c=0=a=c

ff. of x2 = (iii 3+E+E—2 +b+c=4
coe.ox—(m)2 > T3 = a c=
2(a+c)=4=a-c=2

la=1=c||b=2]

Lz[l—;izj[l—%][l—;iz) ............
3003080 (30 043)




2213 -1 4°-1
22413 +1 4% +1

(n—=1)(n*+n+1) _

1 2 3 4 [5)[§
5 6 3/\4

)

[2—1 3-14-15-

(m+D)(*—n+1) \2+13+1 4+15+

(224241 324341

)

L22—2+1'32—3+1J

102 n’+n+l 2

= (n+1), 3 3

2 2 2
2£ ZS
n+n 2+n 1+n

2

3 3 3
> < > <
n+n n+n l+n

2

n(n+1) < n(n+1)
2(n+n*) " 2(1+n?)

1 1 1
< <
(@) \/n2 +2n  +/n? /n?

1 1 1

< <
Jn?+2n  An?+1 \/n—2

2n <Sn < 2n
\/n2+2n_ _\/n_z
t=2.

g /=Lim x™ (09 form)

x—0*
xInx
. < .. -1) . .
In/=Lim (x” -1).Inx = leltie—) Limit xInx .Inx

x—0 x—0

— Limit x(Inx)?
x—0

xInx

I

7
5

)

x—0

(asx > 0xInx > 0)



.. (Inx)* . . 2Inx _
= Limit (Inx)7 =Limit — X’ (use Lopital’s rule)
x>0 1/x x—0 X
= Limit —=2Inx.x =0 = [=¢e%=1
x—0
1—cos3x-cos3’x cos3’x......... cos3"x

9. Let U, = Linol 5
X—> X

X X X
1—cos—-cos— ‘cos—

3 3 S cos -
and V_ = Lim 3 > 3 3
x—0 X
- . 2. 3 n
U. - Lim D(cos3x-cos3°x-cos3 X......... cos3"x)
x—0 2X
now let y =08 3X - 08 32X * COS’X ............. cos 3"x
Iny=Incos3x+/Mncos 3%+ ....... + In cos 3"x
1 dy
— - =—[3tan3x + 3% tan 3%x + ........ + 3" tan 3"x]
y dx
n
dy :_Hcos3rx[3tan3x+32tan32x+ ...... +3" tan 3" x]
dx r=1
. 3tan3x+3%*tan3’X +......+3" tan3"x
U = Lim
n x—0 2x
32132 +(3) P+ + (3M)?
2
32320 1]
U = 3 _1)2 (1)

1
|Illy replacing 3" by ? we get

1 1 1
B I

V=" ="Tma s (2
(1_12)_2 3232 -1)2
3

v =3772=31 (given)

n

limL 1 _1+ax
10. =0 x| \/1+x  1+bx



1 | 1+bx—(1+ax)Vvl+x

= lim—
x=0 X J1+x (1+bx)

1+bx —(1+ax) (1+x)"?
-0 x*(1+x)"*(1+bx)

We know that

(1+x)" ~l4nx+ 20D x2+n(n_1;'(n_2)x3+....
where, n €Q & | x| <1

G GG
14 bx — (1+ax) 1+;x+2 2 S 202 72 T

X"+ X+
2! 3!

= lim

x—0

x*(1+x)"* (1+bx)

(), 0000, [ 10, e
l-i-bx—l—%x—2 2 x2—2 2 2 x3...ax{l+;x+2 2 xz—i-2 2 2 3

X +.....
2! 3! 2! 3!
hm 3 1/2
x>0 x (1+x)"“(1+bx)
o) 00, [, 0 06
bx—lx—2 2 x2—2 2 2 x’—..—ax 1+lx+2 2 )(2+2 2 2 X4
2 2! 3! 2 2! 3!
=lim

x—0

x*(1+x)"*(1+ bx)

(0 e [, a0, 0,
1 2\2 282 2 1 282 , 2\2 2 3
b——-— X — ——al I+ —x+ X"+ X +...

2 2! 3! 2! 3!
_IXIE(} x> (+x)"*(1+ bx)

(11 ) [(1(1 1 11 )
[ 1) a 2(2‘] 2(2‘1) (2‘2) 2[‘1) s
b-a—-——|—-| = X — +a X —()x =()x"—......
2 2 21 31 21

= lim




Limit exists finitalyif

1
)b-—a—-—=0
(i)b—a

+
2 2!

=lim
x—0

x—0

1+x 1+bx

.1 1 1+ax
— 111'11—3 \/



1 23

“a (¢ b

Il
]|
A w|w

=4+232+4

=4+64+4

=72

Clearly fromx* + ax + 12 =0, x> +bx + 15=0 & x> + (a+b)x+ 36 =0,
the roots are (3 & 4), (3 & 5) and (3 & 12) respectively.

Hence the common root is 3.

e 3tanx —tan’x - (30052 X—sinzx)sinx
Hg 3cos(x + %) x—)% 3cos(x + %)0033 X

] (3—4sin2x)sinx ) sin 3x
=lim = lim 3
H§3cos(x + %)cos X Xﬁ§3cos(x + %)cos X

Now let x = y+§, then L = lir% sin3y
! 3sinycos3(y+§j
sin 3y
. 3y
y Slnycos3 (y"'j
y
4 1-3x+x’ 3(x4—1)
X = x 1-x’ x’ —x

=lim 3 3
x-1 | x” —1 x -1

_ e
=lim Hz&i} +3X]=lim[xl+3x]=3
x—1 X — 1 x—1 .



14.

15.

x| 1-m
x(l-mcosx)+nsinx . ( (

lim

x—0 X3

2 4
X X

l-——+——...
2 4

3 5
X

X—+ -

6 5!

J

=1m
x—0

Nown-m+1=0& 2-2_
2 6

:>m:§&n:é
2 2

Hence m + n=4.

1/3
X

1/3

1/3
X

X+—m—
X +....00 terms

=Sy -xy-x"=0=y

= lim

y

B X +4/x>+4x"

X

2

2xX

=lim

— <3

X+

x~>oox+\/x2+4xl/3

1/3
X

X+

X +....00 terms



f(x)=

gx)=

LIMITS

2
() a2
sin X sin X

(2-x)-22-x)-2

X

— =5 ;
sin X
2—-x-5 ;
¢
¢
x ) X
) a2
sin X sin X
¢
.X _5 5
sin X
2—-x-5 ;

EXERCISE -3
é , x>0
sin x
2-x ; x£Z0
X+3 , x<0
x*-2x-2 ; 1<x<2
Xx—5 ; X=>2
f(x)+3 , f(x)<1
g(f(x))=1f*(x)—2f(x)-2 1<f(x)<2
f(x)-5 ;o f(x)=>2
_X +3 ; x>0 ——«<1
sin X sin X
2—-x+3 ; x<0N2x<l1

x>0Nn1< <2

Sin X

x<0N1<£L2-x<2

x>0N >2

sin X
x<0NM2—-x2>2

x>0N1< <2

Sin X

x>0M >2

sin x
x<0



-x-3 ; x<0
2

= o(f(x)) - [.X j —z[ X ]_z RPN

S1In X S1n X S1n X

X 5 S x>0n——>2
S1In X S1In X

- of(0)=—0-3

=_3

LHL = }Lrgz g(f(x))

-l - +3)
=-0-3=-3

RHL = lim g(f(x))

2
_ liml:[ X ] —2[ X ]—2}
x=0" [ \S1In X Sin X

1 2

=lim 5= -2
=071 (gin X (sm X)
[ X j X
= lim -1 - 2
-0 (sinx ) x-0° [ sin— Xj
X X
=1-2-2
=_3

- LHL=RHL=-3

o limg(f(x))=-3

Givenp = aP1 _1; Py = aP2—1

Letp, =a* -1
lim P2
x—>0 X
Pu-1
_ lim2 x Pt

x—0 X pn_1



— lim/na w Dol

x—0 X
. ap,_,—1 B
—, lim /na x Poi =2 Pnoo
x—0 X pn_2
pn—2

— lim(/na)? x 22
x—0 X

-1 X &

X

— lim(/na)"
x—0

— (¢na)"™ xlim =~
x—>0 X

= (/na)"

X—2x+Dx2+Q2x-Dx+1=0 ..(1)

roots of equationa_, b, ¢ a,<b,<c,
x =1 is a root of equation (1)
so(x—1)(x2-2nx—1)=0

In++4x% +4.1
X=—"T-7—7"7—
2.1

\/n2+1
\/n2+1
\/n2+1

H+

I+

X=n
X=n
X=n

I+

X3 —X2

3 2
(X_l)\/x -2x+Dx"+(2n-x+1

-+ 1

—2nx? +(2n—D)x +1
—2nx? +2nx
+ —

—-x+1
—-x+1

so the three roots of cubic equation.

n+\/n2 +1,n—\/n2 +1,1



I i N n+vn2+1
so 1M 44 — lim n(n—-vVn~ +1)x————
n—o n Nesoo n+m

L)
lim 20~ —n”—1)

=
n—»o n_{_m

. —n 1
= lim ————=——_

n—oo 1
n 1+\/:
n

a =22 [12+22+32+..n?]

a :22[n(n+1) (2n+l)}
! 6

_ 2n(2n+1) (4n+1)

a_ +

n n 6
b = 2n@2n+D @n+D)  4n(n+1) 2n+1)
n 6 6
n(2n+1)
h 7[2(4114- 1)—4mn+1)]
2D e

Lim
n—oo

Jn

\/2nn(n+l) (2n+1) \/n(n+l) (2n+1)

. 6 2
Lim _
n—>o Jn Jn

1
Lim—— \/4n2+6n+2—\/4n2—1) g
o \/g by ratio radization
L(6n+2+1)

Lim= \/g

n>e  \J4n® +6n+2 +/4n> -1



1 6+ —
Lim n
4+ —+— 5
n n n
16
~J32+2
B
2
CD
tan0 = —
tan20 = ¢
an =1 x
tand = (L 2tan0
xtand = (L —x) 1-tan’0
B 2(L—x)

X 1—tan’ 0

x(1 —tan?0) = 2L — 2x
x(2 + 1 —tan20) = 2L

2L

sz,taneeo

0 —> 0 gives |X=——

X
Putm—y:y—)lasx—)oo

(y : . AR
];LT[COS%WE*IJLEJ = LyLT(—Zsm Ty )((l—y)zJ

.2 a 2 a\2
Lim,z[smni(l—y)w }

y—l T[Z(l_ya)Z' (l—y)z .



Alt.: Let limit = el

X
Let= ——=t
1+x
‘ 2 _2 a _1 2 4 2 1_ a\2
:lecos(n ntz tzn(zt)
>l 2r(1-t)) (1-1) a
- [_—lj 4n’(a*) e" —e Y
2
1
Lim(x_lJrCOSij
x—0 X
5 4 1/x
x—1+1——'+X—'+ ..... \
Lim 4l
x—0 X
3 1/x i (1 ﬁ \77 12
) X X \ xgx}) 2+4!+.........J e
Lim/l-——+—......... e
e T

1+ —x\1
Lim(x COSX x)736,1/2

Alt: e x>0 X X

. a +a +a +..... +a
Lim 1 2 3
X—>0 n
. 1/x 1/x 1/x
Lim -1 a -1 a -1
e —L 2 ...+
1/x 1/x 1/x

eUma)+(nay)r.+(ma,) = e/ a;....a,)



10.

= al .a2 ....... an.

. sin”'(1—-{x})cos™ (1 - {x})
L
N N

{x} >0forx —> 0"

\ 4

Losin (A x)sin ' 1- (1= {x})°

s V24x31-{x})

[1-1- {x}2+2{x}}

Losin (- bsin ' G @—{xp) _n
o0 V2{x}(1- {x}) 2

. sin”'(1—{x})(cos ' (1-{x}))
T Rmd—mh

[{x}—>1]

.2 2
Lim-—; 1 5 aTx +cos£(a+x)—cos[£(a—x)]
wa (@’ —x?)?|  ax 2 2
I 2
Lim————| O cos B @)+ (142 —cos Za—x)
x—a (a —X ) L ax 2 ax 2
{ {cosg(aer)}aX
Lim —+ 5 + 2ax
2 (a+X) ax (a”—x")ax
2cos2F(a+x) 2sin®X(a—x
| J@+x) 2sin’F@a-x)

Lim + +
x> (a+ x)2 ax (a2 - X2)2 (a2 - Xz)2

4

1 4sin E(a—x) at T
—+Lim4— {cos(—Jrzx) =sin[—

an
2

{

(a+x)m

4

ik



2
4sin2£(a—x)n—
Lim 416
o (a_lx6) T (a+x)’

1 o a’n’+4
n _

4a* 16a>  16a*

4. LeLim 4700=x) A-x)..A-x")
. w1 [1=x) (1=x%) 1= X).c.(1=x")]

l_XnH l_Xn+2 l_Xn+3 (1_X2n)
5

T 1ox? 1o T

divide by (1 — x) in N" and D' both—

(n+1) (n+2)...2n _ 2nl
1.2.3...n n'n! !

2.6.10....(4n-2) 2"[1.3.5..(2n-1
@ (b 2610tn=2)_2[35..0n- )

n!

2"[1.3.5...2n~1][2.4.6....2n] _ 2n!

n!.2"n! " n'n!
2n-1 2n-1
()21, + e,
d)2
(d) nC,
_ . _h+/n(l—¢h)/n’h?
12. Liml X+ fnx Iilrgl 1-cosm/h
x>l 1+ cos X - VoS R
nlh?
putx=1-h

Lim h+/n(1-/h)
-0 1+ cosm(l—/h)

mh+£h(1—£h)

th—0 . »lh
2sin” ——

expanding log (1 —¢h) —




13.

14.

15.

Lim| Lim

y—0

exp.[xﬁn[l + ayD - exp.[xﬁn[l + by
X X

)

X—0 y

)
X X

Lim| Lim
y—=0 [ x> y
ay _ Lby (a=b)y _
LimE =Lim le 1] e
y—0 y y—0 y
=a-b
T 0 ) T
X, = 2+2cosE:2cosE 1f9=g
0

x2=2cosZ .......... xn=2cosz—n

n—oo

Lim2"*", /2 - 2(:0526—n = Lim2""2sin 231

2[5in2n+1)9
_ Lim A T
T noo i 26 2X6 3
2n+l
1+x
Lim6n(1+2x) _l
x—0 X X
2 3
LimU PO XX X
-0 X 1 2 3
X
2 2 3
R P S I { ..... x(1-%.)
Lim 3 _ 2 3 4 2 - —41=
x—0



1, .
16.  Act: ar (AABC) = EEZ sin(m = x)
1, 1,.
ar (AABC) = Er X—EI‘ sin X

(=rtan X
=rtan >

ltanzisinx
Tx) 2 2

S0) ;(x—sinx)

1 X X X
(a) ar(AABC) = T(x) ==-AB.CD =~ 2rsin —. (r Sec——1Ccos —j
2 2 2 2
, X sinzg ) sin3§ 1 L X
= 1 — = = —t 4] . —
rsm2 " r " 2an 2smx (or=1)
COS— CcoS—

2

b) S —lx—lsinx—l(x—sinx)
(b) S(x) = 5 X~ sinx=—
1 1 .
(area of ar c = 5r29| area of A= Eb CsinA)
1, ,x . ) X .
—tan” —.smx tan” —.simnx

() Lim2—2  Lim

x—0 1 x—0 ( 3 \

—(x—sinx) X — X—X—Jr ...... J
3

tan’ x
. 2 sinx 6 3
il 3
Alternate-
~tan? X sinx
2
2
4 R 1
4. 4_3
l X—sinx =77 5
2 X g



.3 3sinx —4sin’ x ) ) . 3
17. SIn°x = 4 sin 3x = 3sin X — 4 sin” X

lZ:[3sin§—sinx] +3(3sin%—sin3 12] +3? [3sin£3—sin3 13)
4 3 3 3 3 3

n=1

lz 3™ 'sin i_l —sinx
4 3"

n=l

. X
Xsmj| ——
n

1. .
2 im —sinx
n—oo

3n
%[x—sin x]
1 .
=g(x)=x—4 {Z(X —sin x)}
g(x)=sinx.

18. f(n,0)= H(l — tan’ gj
r=1

f(n, 0) = (1 —tan’ g) (1 —tan’ %) ...... (1 —tan’ 2%]

2tang 2tan£2 2tan£3
2 2 2

2tan0 )

[use tan 20 = >
1—tan“ 0

tan 6 tan9 talng2
2 2
2" tanﬂn
f(n, ©) = tan O
Gtang 0
) on
Lim 6 =
i tan®— tan® -
cos2x + (1+3x)"
\/ X+ (1+3%) —%/c0s3x—ln(l+x)
19. Lim 2
x—0 X

By L'Hospital's Rule



20.

21.

~2sin2x +(1+3x) "

2

2 .
-3cos“XsiInx ——

I+x (| _

Lim
x—0

2

Hence a+b=19.

\/cos 2x + (1+3x)"? 3(cos3 x —In(1+ x))fz/3

2t
e =l4+t+—+—......
2! 31
T t2 3
—=t T=l-th———+
put , S T T

(¢ %re_IYIZ/t2

200stJ

Lim
t—0

(etre "2 2cost ) n2)
]TE(];( 2cost JLTZJ

Lim
t—=0

@)

4

t

2+2t2/2!+24—!+ ...... ~2cost |2
2cost

2 2
Lin22... %/
e t=0 2 4t°/4 2cost

Alternate

(e‘ﬁ-e"—Zﬁ—Z(l—cost)\nﬁ2

&l J:

=0 2cost t

. el+e =2 4sin’t/2
= ot
t
e " t t

:en2/2(1+1) _ en2

when P > A

AQ

!

T—o> A
n—-20—0

sin(t—0) o (azr j 9)



22.

/sin®

A =
Q cos0

(1)

AP =/¢=2rcos (28—%} =2rsin20 whenP —> A

2rsin20.sin 0 ) yis
= —————— =4rsin%0 0> =
cos0 2

Alt :- gemetrically:-

AQ=AS +SQ

in ATAQ = Z/Q=—

in APSQ —

/Q=/P =

SlVe)

SQ=PS
asP > A= SP=SA=2r =SQ=AQ=AS + SQ = 2r+ 2r = 4r

L=Lim 1 — !
=0 | In(1+x) En(x+\/1+x2)

putx =—x (- x > 0, we can put X =—x)

L=Lim L !
x20 |:£n(l—x) mE1+x> —X):l

Adding both:

oL Lim 1 1 1
S (%) n(l-x) x4 %) (1 x2—x))

L2 2 2
L = Lim In(1-x7) B In(1+x°—x7)
=0 In(1+x)n(1-x) En(x+\/1+x2 )ﬁn(\/1+x2 —X)

En(l x) /fn(1+x) m-x)_
- —X)

x~>0

2

} =0 (" N,is absolute zero)
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24.

1
+5+153 306+1

1 =307
40 +1
2
. 1—cos3x-cos3%x-cos3’ X......... cos3"x
Let U = Lim 5
x—0 X
X X X X
1-cos—cos—cos—......... cos —
and 'V = Lim 3 3 3 3 3
x—0 X
_ . 2. 3 n
U. - Lim D(cos3x-cos3“x-cos3’X......... co0s3 " Xx)
x—0 2x
now let y =08 3X * 08 3°X * COS>X ...ouue.n. cos 3"x
Iny=Incos3x+ncos 3>+ ...... + In cos 3"x
1 dy
S dx = [Btan3x+ 32 tan 3% + ........ + 3" tan 3"x]
y dx

dx r=1
. 3tan3x+3%tan3%x +.....+3" tan3"x
U = Lim
n x—0 2X
32432+ 4.+ (3"
2
32320 1]
U, = (32_1)'2 (1)

|Illy replacing 3" by we get

3

1 1
32|:1_32n} (32n _1)
Vn - (T = 32n(32 _1)2 (2)
3

v =3772=31 (given)

n

b X X X 1/X o] b X N\
(a) Eirg(plal +p,ay + e +pnan) — 1" form as }Ll’gl a  =1& Zpi =1

i=1



25.

lim [pla{( +Pp85 +e.eoApan 1]

= hm = C’HN X by llm(f(X))g(X) _ eihj})g(x)(f(x)*l)

x—0

Now l=p,+p, +p; +..p,

lim
= lim=¢""

X _ X _ X _
lim [pl(a] 1j+p2(a2 1j+ ....... +pn[a"l]]
x—0" X X X

pyIna;+p,Inay+....+p, Ina,

[pla?+pza§+ ------- +pna2—(pl+pz+p3+---pn)]
X

=lim=¢e

=lim=e =aMa,a,”..a

n

. . X X x /X
(b) LimF(x)=L,= le(pla1 +Pay o ernan)l (o0 form)

X—»00 X—>0

[only when a, a, etc. > 1]

X X X
Zn(pla1 +P,ya5 o, +pnan)

InL,= Lim
X—>0 X
using L'Hospital's Rule
. :Lim(pllnalaf+pzlna2a’2‘+ ....... +pnlnanai) .
27 xow p,a; +pyay +..tp a’ (1)

dividing by a; and taking limit, we get

X X
a a
: 2 3 .
Lim ( ] , (a J , etc all vanishes as x — o

N b
X—>00 a] 5

p,/na,
= P, =Ina,
hence mL,=mha, = L,=a, Ans.
(©) Xijw F(x) =L; (say)

L~ Lim (pllnalaf+p21na2a’2‘+ ....... +p_ Ina ai)
37 x

- pa; +p,as +...... +p,a)
X X
dividing by (a )* and taking Lim | | 21| |22 ish
ividing by (a )* and taking -1 a ) la etc vanishes
p./na
hL,=-—"—~=" = L,=a,
Py
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